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Electric Propulsion With the Sensorless Permanent
Magnet Synchronous Motor: Model and Approach

Todd D. Batzel, Member, IEEE, and Kwang Y. Lee, Fellow, IEEE

Abstract—In this paper, a rotor position estimator for the sensor-
less permanent magnet synchronous motor (PMSM) is developed.
The proposed approach exploits the time-scale separation between
the electrical and mechanical time constant of the PMSM to formu-
late a linear observer. The observer produces accurate rotor angle
estimates in steady-state and transient, and is attractive for electric
propulsion applications due to its independence from mechanical
parameters such as load torque, inertia, and friction. The sensor-
less strategy is well-suited to the nonsaturating slotless PMSM, but
the demonstrated robustness of the observer to modeling uncer-
tainties allows for application to slotted construction as well. Ex-
periments are conducted to confirm the effectiveness of the pro-
posed approach.

Index Terms—Brushless machines, electric vehicle, motor con-
trol, motor drives, propulsion, sensorless drive, state estimation,
torque control, underwater vehicles, variable speed drives.

I. INTRODUCTION

RECENT advances in power semiconductors, magnetic ma-
terials, and energy storage systems have generated con-

siderable interest in the permanent magnet synchronous motor
(PMSM) for vehicle propulsion. Electric drives for propulsion
can eliminate the need for shafts and gearing while increasing
vehicle stealth and power system flexibility. Novel propulsion
configurations are pushing the need for the PMSM to operate
at the location where torque is required, which in many propul-
sion systems is a harsh environment due to severe moisture, hu-
midity, vibration, or temperature. In these propulsion systems,
conventional rotor angle sensors often cannot be accommodated
due to reliability concerns or physical constraints. Thus, there
has been an intense interest in the development of the sensorless
drive, where the PMSM stator itself is used as the rotor position
sensor.

Many approaches to sensorless PMSM operation have been
reported in literature. The approaches can be categorized as
open loop flux estimators, third harmonic voltage-based estima-
tors, back emf waveform detectors, saliency-based position es-
timators, and model-based observers.

The flux linkage estimation method [1], [2] integrates the dif-
ference between phase voltage and stator resistance voltage to
estimate the angle of the flux linkage space vector, which is
used to produce the appropriate stator current references. This
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method suffers at low speeds where integrator drift is a serious
problem. Furthermore, estimation accuracy is highly sensitive
to variations in the stator resistance.

The third harmonic voltage [3], [4] and back emf waveform
detection techniques [5], [6] both rely on specific characteristics
of the back emf waveform to determine rotor position. Such
approaches are applicable to the brushless dc motor but are of
little relevance to the PMSM, which ideally has a sinusoidal
airgap flux distribution.

For salient rotor PMSM construction, the position-dependent
inductance variation can be exploited to obtain a rotor angle
estimate [7], [8]. This method is difficult to apply to the widely
used surface-mounted PMSM construction whose inductance
variation with rotor angle is negligible.

Observers use the actual motor input and output to recon-
struct PMSM states such as rotor angle. The pioneering work
in [9] implemented a model-based observer to determine rotor
angle. This observer was found to be sensitive to mechanical
parameters such as load torque, viscous and damping friction,
and inertia. In propulsion systems, these parameters are often
changing dynamically or are unknown.

Non-linear observers have also been applied to the sensorless
PMSM problem in [10], [11], and [12]. In [10], the observer
consists of a least squares optimization to fit rotor position and
angular velocity to the nonlinear PMSM equations, while [11]
constructs the rotor angle and velocity using the relationship be-
tween the estimated motor emf and the rotor variables. Both of
these approaches implement the PMSM model in the slow time
scale by assuming zero inductance. Position estimation is there-
fore performed in the slow time scale, which may limit the drive
bandwidth. Results presented in [11] indicate a large position
and speed estimation error during transient due to the limited
dynamics of the estimator. In [12], another nonlinear observer
is introduced where the acceleration model is included. This ap-
proach improves the estimation of position and speed during
transient compared to [10] and [11], but unlike those approaches
is affected by modeling uncertainty in the mechanical parame-
ters such as viscous friction, inertia, and load torque.

Another approach linearizes the PMSM model using the as-
sumption that angular velocity is constant over the fast sampling
interval of the rotor angle observer [13]. Unlike [10] and [11], no
assumptions regarding the stator inductance used in the model
are made. Since the rotor angle observer views rotor velocity as a
time-varying parameter, a separate algorithm is used to estimate
rotor speed. This approach results in a linear observer capable
of producing accurate rotor angle and velocity estimates in both
steady state and transient and exhibiting no dependence on me-
chanical parameters. This is significant for electric propulsion
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since the model does not require load torque, inertia, and friction
estimates. Although the technique is ideal for the nonsaturating
slotless PMSM, it is also applicable to slotted PMSM construc-
tion due to its robustness to PMSM modeling uncertainties. In
this paper, the angle estimation strategy of [13] is examined and
then applied to a prototype vehicle propulsion drive system.

II. ROTOR POSITION ESTIMATION

In this section, a model-based observer is developed for the
estimation of PMSM rotor angle. Conditions for rotor angle ob-
servability are examined and closed loop observer pole-place-
ment strategies are set forth.

A. PMSM Model

The flux linkage model of the nonsalient PMSM in the two-
phase stationary reference frame [13] is

(1)

The terms and represent the flux linkages and voltages
corresponding to the two fictitious windings in the stationary
reference frame. The symbols , and represent the
self-inductance, PM flux constant, resistance, and rotor angle,
respectively.

To develop the model for a rotor position observer, the vector
defined in (1) is considered to be a disturbance

state that satisfies a known differential equation. Combining the
disturbance state vector with the state variables defined in (1)
yields an augmented state vector,

(2)

The input vector is the applied phase voltage in the stationary
two-phase reference frame

(3)

and the output vector is chosen to be the measurable currents:

(4)

The augmented state and output equations [13] are then

(5)

(6)

respectively, where

(7)

The term represents the angular velocity of the rotor shaft in
electrical radians per second. The subscript associated with

the matrix is used to indicate the time varying dependence
of that matrix on the rotor angular velocity.

Given the large inertia of the typical PMSM propulsion
system and sufficiently fast sampling times, the angular ve-
locity can be assumed to be constant over the system sampling
period. With this assumption, the resulting model is a linear
time varying system, allowing the use of well-developed linear
control methods [14]. It is also stressed that the model given
in (5) and (6) does not contain any mechanical variables such
as torque, friction, and inertia in the state equations. This is
advantageous, since torque and inertia are often unknown and
vary during the operation of the typical propulsion system.

B. Rotor Angle Observer

With angular velocity considered to be a slowly varying pa-
rameter, (5) and (6) may be used to construct a full order ob-
server [15]. The observer is used to estimate the state vector
of (2) from knowledge of the input vector and a direct mea-
surement of the output vector . Note that from the estimation
of and , the rotor position estimate may be determined
from

(8)

Using standard observer design techniques for a linear system
[16], the form of the rotor position observer is

(9)

Here is the observer gain matrix, indicates the estimated
state vector, and is the state estimation error vector

(10)

Convergence of the estimated states toward their actual values
is achieved by conventional eigenvalue placement techniques.
That is, the eigenvalues of the characteristic equation

(11)

are chosen to have negative real components so that asymptotic
state reconstruction is achieved.

Clearly, observability of the system is a requirement for the
estimation of PMSM states. The condition for observability is
determined by the rank of the observability matrix [17]

(12)

The observability matrix of (12) is full rank for nonzero angular
velocity so that the system is observable under those conditions.
This result supports the well-known drawback of the sensorless
PMSM—its inability to estimate rotor angle at zero and low
angular velocities [18].

Given the ill-conditioning of the rotor position observer at
standstill, special provisions must be made to start the sensor-
less PMSM and to operate the system at extremely low angular
velocity. To accommodate this, the observer gain matrix is set
to zero at speeds below an experimentally determined low-speed
threshold.
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C. Velocity Estimation

It is clear from (7) that rotor velocity is a required parameter
for the implementation of the proposed rotor position observer.
In addition, angular velocity feedback is required to accurately
track the velocity reference in a speed control loop used in some
propulsion systems. In the absence of an angular velocity sensor,
a suitable strategy must be developed to determine this param-
eter. Two strategies are now described, and the strengths of each
technique are then combined to form an adaptive velocity esti-
mation scheme.

1) Quasi-Steady State Velocity Estimation: A quasi steady-
state estimate for magnitude of the angular velocity [19] is

(13)

This result suggests the use of the input and output vectors,
and , to estimate the magnitude of the angular velocity. The
direction of the angular velocity estimate at sampling interval
is then obtained from

(14)

The strength of this method is its ability to determine ve-
locity—even at zero and very low speeds. The weakness is its
dependence on PMSM parameters.

2) Time Derivative of Estimated Rotor Angle: An alternate
method for estimating angular velocity is to use the time deriva-
tive of the estimated rotor angle

(15)

This method obviously requires a stable position observer and
that the observer poles have a natural frequency that is high rel-
ative to the angular velocity . These constraints may be en-
forced at nonzero angular velocity by the proper selection of the
system eigenvalues. Subject to these constraints, the estimated
angular velocity obtained by (15) approaches the actual value
when averaged over a sufficient period of time [19]. The strength
of this method is the accurate steady-state speed estimate in the
medium to high speed operating range. The drawback, however,
is the noise that results from the differentiation process and the
incorrect speed estimates that may result during startup. This
limits the use of (15) for speed estimation to operation at speeds
above a pre-determined low-speed threshold where the angle es-
timation error has converged toward zero.

3) Adaptive Velocity Estimation: The two proposed velocity
estimation methods complement each other well. The use of
(14) yields good performance at very low speeds, but is sub-
ject to parameter uncertainty. The use of (15), however, is es-
sentially independent of the parameter estimation errors so long
as the observer poles have a natural frequency much higher than
the angular velocity and the velocity is sampled over a sufficient
period of time. Thus, the strengths of each method may be com-
bined to form the velocity estimation correction scheme [20], as
shown in Fig. 1.

Fig. 1. Adaptive velocity estimation block.

Fig. 2. Block diagram of rotor position estimator.

To use (15) to correct for velocity estimation errors obtained
by (14), a modifier is included to represent the uncertainty in
the permanent magnet flux linkage

(16)

The adaptation process compares the output of (16) with (15)
to generate the velocity estimation error. As long as the mag-
nitude of the speed estimate of (16) is above the low-speed
threshold where the position estimate is assumed to be stable,
a PI controller operates on the estimation error, adjusting the
output to correct for the parameter uncertainty. The time con-
stant of the PI controller is chosen to be slow in order to re-
move noise generated by the differentiation of the rotor angle.
The overall block diagram of the proposed position observer, in-
cluding the angular velocity estimation block , is shown in
Fig. 2.

D. Pole Placement

It will be later demonstrated that it is advantageous to select
the closed loop observer eigenvalues such that their natural fre-
quency is higher than the angular velocity of the PMSM rotor.
With this in mind, the observer eigenvalues are scheduled ac-
cording to the angular speed of the rotor

(17)

where and define the response and damping
characteristics of the observer, and to enforce neg-
ative real eigenvalue locations. In practice, the magnitude of
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Fig. 3. Effect of state estimation error on angle estimation.

is selected such that the angle estimation error con-
verges to zero within a satisfactory period of time.

The desired eigenvalue locations given in (17) are enforced
through the selection of the observer gain matrix in (9). Fol-
lowing the strategy of [16], the solution for the observer gain
matrix required to place the eigenvalues at the desired loca-
tions is obtained [19]:

(18)

Note that the observer gain matrix is dependent on the rotor
velocity , the desired eigenvalue locations , and the
PMSM stator winding parameters . In practice, since ve-
locity is estimated in a sensorless system, the gain matrix
is calculated using instead of using , and the observer gain
matrix is updated each time a new rotor velocity estimate is
generated.

III. ERROR ANALYSIS

The error dynamics of the state estimator given by (9) for the
full-order observer shows that asymptotic state reconstruction is
achieved if the eigenvalues of have negative reals. In
the case where parameter uncertainty is present, the system ma-
trices of the plant and reference model differ, resulting in state
reconstruction error. The effects of such parameter uncertainties
on the rotor position estimator accuracy are now investigated.

To quantify the effect of parameter uncertainties on rotor
angle estimation accuracy, (8) is used with (10) to reveal the
relation between the rotor angle estimation error and the error
associated with estimated states and

(19)

For the convenience of graphical representation (19) can be ex-
pressed as a space phasor

(20)

where is the amplitude of the rotating phasor. Fig. 3 demon-
strates how state estimation errors and produce a differ-
ence between the actual and estimated rotor angles—shown as

and , respectively.

From the state model of (5) and (6), the actual plant behavior
can be expressed with respect to the parameter uncertainty and
measurement error by

(21)

where , and represent the uncertainty in the
system matrix , system input vector , and the output
coupling matrix such that

(22)

The values , and represent the system matrix used by
the reference model, the actual input voltage measurement, and
the output matrix used by the system model, respectively.

The reference model behaves according to

(23)

where is the measured output current vector. If is the
uncertainty in the measured output current

(24)

From (9), (21), and (24), the error dynamics are

(25)

In order for the error vector described by (25) to go to zero
asymptotically independent of must be a stable
matrix, and the terms , and must be zero.
When these conditions are met, the error dynamics are reduced
to the homogeneous equation, and the error approaches zero in
steady-state. In practice, the requirement for zero steady-state
error is unrealistic. Therefore, the following sections shall ana-
lyze the effects of nonzero and matrices and nonzero

and matrices to quantify the effects of modeling uncer-
tainty and signal measurement errors, respectively.

A. Effects of Modeling Uncertainty and Measurement Errors

1) Velocity Estimation Error: For the shaft sensorless
PMSM technique previously described, rotor velocity is
considered to be a system parameter and therefore must be es-
timated. The actual rotor angular velocity and its estimated
value are related by

(26)

where is the velocity estimation error. Assuming that all
parameters except rotor velocity are exactly known, ,
and in (25) are all zero, and the uncertainty in the system
matrix due only to velocity estimation error is

(27)
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From (25) and (27), the error dynamics with uncertainty in only
the angular velocity become

(28)

If the system is stable, the sole contributor to the steady-state
error is the forced response of (28), which is then used to deter-
mine the angle estimation error from (19). The angle estimation
error due to angular velocity uncertainty is found
to be [19]

(29)

This result implies that for a given operating condition and
observer gain (determined by and ), the position esti-
mation accuracy is dependent on the accuracy of the velocity
estimate . Furthermore, it shows that selecting the system
eigenvalues such that reduces the effects of ve-
locity estimation error by forcing to approach , so that

approaches zero.
2) Effect of Resistance Uncertainty: In the PMSM, the most

temperature sensitive parameter is the stator winding resistance,
which varies linearly over the operating temperature of the ma-
chine [21]. To study the effect of a balanced resistance uncer-
tainty on angle estimation error, the relation between the actual
stator resistance and the nominal value used by the reference
model can be represented by

(30)

where is the stator resistance value used by the PMSM in-
ternal model, is the actual PMSM stator resistance, and
represents the modeling error. Assuming that all other parame-
ters are accurately known, the uncertainty in the system matrix
due to resistance modeling error is represented by

(31)

where . The error dynamics defined in (25) are

(32)

Following the same procedure as the development of (29), the
steady-state solution to (32) reveals that the steady state angle
estimation error due to resistance uncertainty is [19]

(33)

where represents the angle of the stator current with respect
to the generated emf and is the peak stator current in the
stationary two-phase reference frame. Since most PMSM drives
operate with nearly 0, (33) shows that the effect of stator resis-
tance uncertainty is to introduce a steady rotor angle estimation

error of , whose magnitude is proportional to both the resis-
tance uncertainty and current magnitude, and inversely propor-
tional to angular velocity. If the stator current is in phase with
the motional emf (i.e., ), uncertainty in the stator resis-
tance generates no error in the estimated rotor angle. Similarly,
in the case of zero stator current, the numerator goes to zero and
no angle estimation errors result. This is an easily justifiable re-
sult, since angle estimation of an open circuit stator PMSM does
not require knowledge of the stator resistance.

3) Effect of Stator Inductance Uncertainty: The characteris-
tics of the angle estimation error due to inductance uncertainty
are now analyzed by representing the actual stator inductance as

(34)

where , and are the actual value, the value used by
the reference model, and uncertainty of the stator inductance,
respectively. Uncertainty in the system matrix due only to in-
ductance modeling error is given by

(35)

In addition, any inductance error will result in a nonzero value
for , which can be represented by

(36)

Given (35) and (36), the error dynamics for the case of induc-
tance modeling error are

(37)

The steady-state solution of (37) is [19]

(38)

From this result, balanced inductance modeling error intro-
duces a constant angle estimation error whose amplitude is
proportional to the magnitude of the inductance uncertainty and
the stator current amplitude relative to the PM flux linkage con-
stant . Given that saturation leads to a reduction in induc-
tance, (38) can be used to evaluate the potential impact of mag-
netic saturation on angle estimation performance of a saturable
slot-type PMSM.

4) PM Flux Linkage Uncertainty: Although PM flux
linkage is not included in the PMSM reference model of
(5)–(7), it is required to estimate angular velocity (13). Not
including the adaptive correction scheme of (16), PM flux
linkage uncertainty would generate velocity estimation error.
However, with adaptive velocity correction, the effects of PM
flux linkage uncertainty are removed.

5) Effect of Stator Voltage and Current Measurement
Errors: The implementation of the rotor position observer
requires the measurement of the stator current and voltage
waveforms. The use of these measurements in the rotor position
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estimator will result in angle estimation inaccuracy when the
sensed quantities contain scaling or offset errors. Scaling, or
sensitivity error is the difference in the slope of the actual
sensor transfer function and the ideal transfer function. Offset
error is any constant value added to the output voltage of the
sensor. Assuming zero modeling uncertainty in the presence of
current and voltage sensing errors, the error dynamics of (25)
are reduced to

(39)

where and are the voltage and current measurement
errors, respectively. The steady-state solutions to (39) for
balanced voltage measurement and current scaling error acting
alone have been determined in [19]. The angle estimation error
due to voltage sensor scaling errors acting alone and
current sensor scaling errors acting alone are

(40)

respectively. In (40), is the magnitude of the balanced
voltage scaling error, is defined in (29), and represents
the magnitude of the balanced current scaling error. This result
shows that voltage and current measurement scaling errors
result in a constant angle estimation error whose magnitude is
proportional to the severity of the scaling error.

In the case of voltage and current sensor offset errors, an
angle estimation error with frequency at twice the fundamental
electrical frequency is developed whose amplitude is propor-
tional to the magnitude of the measurement offset [19]. Se-
lecting the magnitude of the closed-loop eigenvalue reals to be
much greater than the angular velocity helps to reduce the effect
of voltage measurement offsets on the rotor position estimation
accuracy.

6) Voltage Phase Shift Measurement Error: The direct mea-
surement technique to acquire the phase voltage requires the use
of a low-pass filter to remove the high switching frequencies in-
jected by the power output stage. The filtering operation results
in a measured phase voltage that is phase shifted from the ac-
tual quantity. Using and to represent the actual average and
filtered stator voltages

(41)

where represents the delay introduced by the low-pass voltage
filter. Using (22) to solve for , the steady-state solution to
(25) reveals that the low-pass filter tends to generate an angle
estimation error given by

(42)

Fig. 4. Block diagram of sensorless PMSM drive system.

for small phase shift [19]. Therefore a phase shift between the
actual and measured voltage produces an angle estimation error
equal to the angle of the phase shift.

B. Eigenvalue Selection Strategy

The observer poles should be selected according to the system
requirements, which are typically rapid response and stable and
accurate angle estimation. As the real parts of the eigenvalues
become larger negative values, the estimation error converges
rapidly. Choosing the eigenvalues too aggressively, however, re-
sults in the amplification of system noise and reduced or even
unstable performance. Another factor that impacts the eigen-
value selection strategy is the notable outcome of the angle es-
timation error analysis, which revealed that angle estimation er-
rors due to angular velocity estimation error and signal measure-
ment errors can be reduced by choosing observer eigenvalues to
have a high natural frequency relative to the angular velocity of
the PMSM.

To address these trade-offs associated with the eigenvalue
placement, a general algorithm for observer pole placement was
proposed in (17), where the observer poles are placed based on
the rotor velocity. If appropriate values for are selected, this
eigenvalue placement strategy reduces angle estimation error by
satisfying the requirement that the observer eigenvalues have
a relatively high natural frequency with respect to the angular
velocity. Furthermore, velocity estimation accuracy using the
time derivative of the estimated rotor angle is also improved by
choosing fast observer eigenvalues [19].

IV. CONTROLLER DESIGN

In the sensorless drive implementation, the rotor angle and
velocity estimator supplies the rotor position and velocity feed-
back necessary for closed-loop torque and velocity control, re-
spectively. The controller shown in Fig. 4 consists of an inner
torque controller and outer velocity control loop.

The outer velocity loop consists of a PI controller that op-
erates on the difference between the speed error to produce a
torque reference. The torque reference and estimated rotor angle
generate balanced three-phase current references, which are en-
forced by the PWM current regulator.

In the controller, the problematic operating condition around
zero speed is managed by setting the observer gain to zero
when angular velocity falls below a low-speed threshold, which
is 7.5 r/s in the experimental system. In this low-speed condi-
tion, the estimated rotor angle is produced by integrating the
estimated velocity. This mode of operation is adequate for nav-
igating through the zero speed region over a short time period
such as during startup or speed reversal. The eigenvalues of the
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TABLE I
MOTOR PARAMETERS

Fig. 5. Angle estimation and speed tracking for fast speed reversal.

position observer are placed according to (17), with
and .

The computations required of the controller are carried out
by a floating point DSP (Analog Devices Sharc DSP). A fixed-
point motor control DSP (Analog Devices (ADMC401) acts as
a peripheral to the floating point DSP to implement the current
controller, sample the stator voltages and currents, and generate
the PWM switching signals.

V. EXPERIMENTAL RESULTS

To evaluate the performance of the sensorless drive, experi-
ments were performed where the position sensorless controller
operates a PMSM of slot-type stator construction in real-time.
The performance of the sensorless drive with respect to angle
and speed estimation accuracy during acceleration is examined.
In addition, the robustness of the estimators to disturbances in
the load torque is investigated.

The mechanical arrangement consists of a PMSM, whose
shaft is coupled directly to a variable torque load and dy-
namometer. An encoder attached to the rotor is used only to
quantify the accuracy of the estimated angle and velocity. The
PMSM parameters are included in Table I.

A significant challenge of the sensorless drive is maintaining
control during startup or speed reversal transients. In Fig. 5, a
speed reversal is shown to demonstrate the velocity tracking per-
formance for a speed reference with a fast acceleration. In the
experiment, the speed is commanded to change from 700 RPM
to RPM at a rate of 3500 RPM/s. The results indicate ex-
cellent rotor position estimation accuracy and velocity tracking

Fig. 6. Load torque change from 0 to 10 ft-lb at .1 sec.

during the transient. Note that the average angle estimation error
changes with the frequency of operation. This is due to the fil-
tering of the stator voltage signal as discussed in the error anal-
ysis of Section III.

The robustness of the controller to the load torque is demon-
strated by applying a sudden load torque of 10 ft-lb to the motor
while operating at 400 RPM. As shown in Fig. 6, the load change
does not impact the angle estimation accuracy. In addition, the
estimated and commanded velocities are nearly identical. This
is an attractive feature of the technique, since load torque is often
unknown or changing rapidly in propulsion applications.

VI. CONCLUSION

This paper has presented a sensorless electric drive technique
for permanent magnet synchronous motor (PMSM) based
propulsion applications. Advantages of the proposed technique
include independence from unknown or time-varying mechan-
ical parameters such as load torque, inertia, and friction, and
superb performance under transient conditions. Modeling un-
certainties arising from data acquisition error and temperature
or magnetic effects are considered and the consequences of
these uncertainties on angle estimation accuracy are quantified.
Experimental results are used to confirm the effectiveness of
the developed sensorless drive.
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