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Large Deflection Dynamics and Control for
Planar Continuum Robots

lan A. GravagneMember, IEEEChristopher D. Rahn, and lan D. Walk&enior Member, IEEE

Abstract—This paper focuses on a class of robot manipulators
termed “continuum” robots—robots that exhibit behavior similar
to tentacles, trunks, and snakes. In previous work, we studied
details of the mechanical design, kinematics, path-planning and
small-deflection dynamics for continuum robots such as the
Clemson “Tentacle Manipulator.” In this paper, we discuss the
dynamics of a planar continuum backbone section, incorporating
a large-deflection dynamic model. Based on these dynamics, we
formulate a vibration-damping setpoint controller, and include
experimental results to illustrate the efficacy of the proposed
controller.

Index Terms—Continuum manipulator, dynamics, flexible robot
control, hyper-redundant robot.

|. INTRODUCTION Fig. 1. Clemson tentacle manipulator. The manipulator consists of two
independent sections on a continuous backbone consisting of a thin elastic rod.
ATURE motivates the study and design of hyper-re-
dundant and continuum robots. Although nature oftegiven finite set of applied forces or torques along the backbone.
meets locomotive and manipulative needs with rigid-linkhys, such manipulators naturally comply with obstacles or
designs, some creatures benefit greatly from continuum (@snconservative forces in a minimum-energy fashion. Properly
nearly continuum) arrangements. Examples include snagntrolled, this feature can eliminate the need for expensive and
backbones, elephants’ trunks, squid and octopus tentacles, @ighplex force-feedback mechanisms. In short, the preceding
a host of smaller animals such as worms, various larvae, afihracteristics of hyper-redundant and continuum manipulators
single-celled organizms. Researchers have not emulated jifigke them attractive for the kinds of tasks at which their
full functionality of, for example, an elephant trunk, in theyiological counterparts excel: locomotion through highly
laboratory. However, the artificial designs to date do share sygttered areas, whole-arm manipulation, and a delicate natural
eral key features with their biological counterparts, including @mpliance to the environment, for example.
significant transference of weight and complexity away from Research into the characteristics and capabilities of
the actual manipulator. We refer to this design as “remog@ntinuum robotics necessitates an overall increase in the
actuation” [9]; its benefits include a substantial reductioBgomplexity of the manipulator kinematic and dynamic models.
in design complexity and cost for manipulators such as thgsrial, rigid-link robot kinematics essentially consist of al-
Clemson tentacle manipulator (Fig. 1) and the Rice/Clemsg@praic-trigonometric descriptions, while continuum robot
elephant’s trunk manipulator [29]. Continuum robots alsginematics involve differential equations for all but the simplest
possess a useful characteristic terimtrent complianceThe  cases. Rigid-link dynamics usually involve nonlinear ordinary
infinite-dimensional kinematics of continuous “baCkbone&’iifferentia| equationS, while continuum dynamics emp]oy
admit an infinity of possible backbone configurations for anyonlinear partial differential equations.
Several researchers have addressed topics related to manip-
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concepts in this paper to the relatively simple, small-deflection
dynamic rod model. A thorough discussion of vibration and
noise-control techniques for distributed systems appears in
[23]. On the specific subject of continuum manipulation,
Wilson, et al. presented a series of works including a kinematic
and dynamic analysis of planar manipulators with payload
effects [27], [30], [31]; however, their work did not concentrate
on control strategies and the dynamics formulations in this
paper are significantly different and somewhat more general.
Also of interest is the extensive work of Kier [18], detailing
the physical structure of many animals that employ continuous
manipulation techniques.

The objective of this work is to explore the dynamics of a
simple planar continuum manipulator section, and to formulate
a simple controller that achieves setpoint tracking while mini-
mizing the incidental vibrations excited in the backbone. Several
key features of this work make it unique: the use of a large-de-
flection dynamic model incorporating axial extensibility, the
implementation of a controller that seeks to regulate the flex-
ible body to a nonzero equilibrium and the use of cable tension
coupling feedback in the control law. The specific geometry of

the device under consideration in this work will be discussed
shortly. Fig. 2. Spring-steel backbone can bend in excess 0f.180

With appropriate assumptions and observations, the small-
deflection rod decouples in orthogonal planes, allowing a

Fig. 1 illustrates the tentacle manipulator. The manipulatgfScussion of the rod’s behavior in three dimensions. No such
consists of two sections, each with two degrees of freedd#iCOUPling occurs in the large-deflection case, so for simplicity
(DOF). Its central backbone is a continuous elastic rod, withe will restrict ourselves to a planar system: The experlmen_tal
cable guides periodically spaced along its length. Four caff$tPed for our work uses a backbone of spring steel, very wide
pairs run through the guide eyelets, two pairs terminating rglative to its thickness so thatit only bends in one plane. Similar
the midpoint, and two at the endpoint. Through differentidP the tentacle manipulator, the spring-steel backbone has a
variation of the cable tensions, torques may be applied $ft qf cgble gwdes_spaced along its length, with cables finally
orthogonal directions at the midpoint or endpoint of the backérminating at the distal end. The backbone can bend 48d
bone. Knowledge of how the rod kinematics respond to ttRgyond (Fig. 2), clearly requiring the use of a large-deflection
application of such torques permits prediction of the robot@yn@mic model; see Section IX for more details.
shape and endpoint coordinates. To maximize the workspace offdditionally, we note that, even though this paper focuses
the tentacle, the rod must be sufficiently long and thin to allof @ Planar model, the work here anticipates further study into
very large elastic, small strain displacements. Thus, sudddf full three-dimensional (3-D) model. Consequently, we in-
movements (whether by external forces or the intentionf@ntionally rule out sensor options which would be relatively
application of control torques) tend to excite undesirabMPle to implement in the plane, if they will not also work in
vibrations in the rod. At best, these vibrations simply force tH8€ Spatial case. Such options include strain sensors on the flat
adoption of a “slower” trajectory; at worst they can destabilizélde Of the spring steel (such sensors could not be attached to
the feedback controller guiding the robot’s position. a round baqkbone), position measurements using an overhead

Fortunately, friction between the cables and the cable guide&mera (which can only measure planar deflections), and shear
introduces some vibration damping. As the backbone ben§ENSOrs at the free boundary (due to weight constraints in the

friction between a cable and its guides increases on the concSatial case).

side of the curve. However, cable-guide friction must be mini-

mized to maximize the robot workspace and maintain tractable I1l. L ARGE DEFLECTION DYNAMICS

kinematics. Near the zero-stress configuration (a straight line inThe setC of allowable beam planar configurations contains
our case), the effects of cable friction are reduced becauseﬂh@dup|es{£(3)7 Q(s)} where

cable tensions are small. In [11] we argue that this fact warrants

the use of a small-deflection, linear dynamic rod model. The C = {{z(s), Q(s)}: [0, L] » R? x SO(2)}. 1)
setpoint analysis in [11] is effective near the straight-line con-

figuration, but the control strategy cannot be proven stable in tifae vectorz(s) is the position of the beam centerlin@(s) is
general case because large rod deflections violated the restit-orientation (i.e., rotation) matrix,is an independent param-
tions of the dynamic model. eterization variable, antl is the beam length at rest. If the beam

Il. SPRING-STEEL MANIPULATOR
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is inextensibles represents the arc length as measured from the
origin. We include the effects of beam extensibility, so thelset
is not strictly arc-length parameterized. Only under the special
conditions of zero axial extension or contraction dedsuly
measure arc length. The subsequent analysis requires two mild
conditions on the allowable configurations set.

1) Given the elementary basis vectdfs;, ¢2} and the

productQe ; 2 qi(s), we assume that

'(s) - q1(s) > 0 @)

(b)

A
Whereg’:(?g/(’)s. Fig.3. B in(a) i ignificant shear defi ti but no bendi
. . . L ig. 3. Beamin (a) experiences significant shear deformations, but no bending.
2) Giventhe energy in the rod in the fotth= fo f(s) ds+ Conversely, in (b) shear effects are not present. Note that the curve tangent is

Ej g(sj) for 0 < s; < L, we assume the same in both cases.
E<oco= f(s) e L™ (3)
— _g?“A —\‘\\\\
where f(s) > 0 represents the deformation energy den- 4, ? N
sity of the rod,g(s;) > 0 represents lumped-parameter \ X
energy stored in point masses and springs, Ay € {
L£> meand f(s)| < oo forall s € [0, L]. \
Condition 1) states that the beam may not experience infi- \\\\

nite shear stress, for reasons which will become clearer later.

For condition 2), we assume that “Dirac delta” distributions in

the energy functionaf(s) are disallowed; intuitively, this im- (

plies that the rod cannot experience single-point changes in dis-

tributed coordinates such as curvatures or positions. Condition _ o _

2) does not arise from strictly mathematical arguments; itsimpﬁgu‘r‘él d'g%srtr:]?{?onnolzgt :E‘;\,‘\" t?}iasrzﬁii%"sngﬂit experiencing axial, shear, and
. . . . psoid changes orientation along

states a physically reasonable assumption motivated by engi-iength of the beam.

neering judgement.

This is illustrated in the close-up of Fig. 4. “Adding up” the seg-

A. Energy Formulations . . X
o _ ) ment energies gives the potential energy
For beams with high aspect ratios (length to thickness), po-

tential energy can be stored via three basic types of elastic defor- 1 L1
0

mations: bending, axial and shear. For a beam of cross-sectional PE = D)
areaA, cross-sectional moment of inertla Young’'s modulus '
FE and shear modulug, each elastic deformation has an asso- The kinetic energy is more straightforward. We simply endow
ciated stiffness. The produét! is the bending stiffnesdy A is each quantity above with a time dependency, and sum the kinetic
the axial stiffness, an@' A is the shear stiffness. (We assumenergies of each infinitesimal segment to get
that the effective shear area equals the cross-sectional area, for
simplicity.) KE - 1 L (s 1) its. 02V a 5

Fig. illustrates the difference between shear and bending de- 2 ,/0 {pm I2(s, DI+ p;6(s, 1) } s O
formations, in the case that there is no axial compression or terH . .
sion. Note that, in case a), the orientation vegtpdoes not vary wherepn, 1S t_he mass density of the beam, gnds the angular
along the length of the beam. The beam has been divided ifgrtia density.
(infinitesimally) small segments, ar@ reflects the orientation . .
of each segment. Thus, a good measure of the axial and straPynamics Formulation
“stretch” of each segment would be the difference of the tangentThe preceding energy functionals appear in different forms
vector and the principal orientation vector, i+ (' — ¢1). in[25] and in [26]. In order to apply Hamilton’s principle to
Applying Hooke’s Law, the resultant deformation energies fahe energy expressions above, we first formulate the work due
that segment would b /2) E Av? plus(1/2)G Av3, or simply  to the application of tension to the cables on the beam. As the
(1/2)v™ Cuv, whereC' = diag{ EA, GA}. To generalize this beam bends, the cable tensibift) induces both shear forces
initial formulation, imagine that the columns 6frepresent the (perpendicular to the backbone centerline) and moments at the
principal axes of a stiffness ellipsoid centered around the sgmpints where the cable passes through a guide standoff. As
ment. As the orientation of a segment changes, the ellipsoid sitown in [19], standoffs of the correct dimension and quantity
tates also, to keep the principal axes properly aligned. A simglan minimize the effect of the intermediate shears and moments
similarity transformation will accomplish this rotation, so thahalong the backbone relative to the boundary moment at the
shear/axial energy for that segment becofigg)v” QCQTv. terminal standoff. Consequently, we may formulate a simple
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~ 0, tension so that (9) becomes
| ’ J% 4(L, t)-l—B%é(L, 1)+ gF:Tm. (12)
:I, i g Load L We choose the feedback control law
Tm = —ky0(L, t) — ka8(L, t) — k. F (12)

F=\%¢ o) N _ _
5 =2 _— wheref(L, t) = 6(L, t) — 04 with k,, k4, k. > 0, andf, is

the desired boundary angle setpoint. Substituting (12) back into

Fig. 5. lllustration of the various geometric quantities in the cable/pullegl]'l) and SO|Vmg fort” prOduceS boundary torque

system. 7= aF = —Jugb(L, t) — Kib(L, t) — K,0(L, t) (13)

external work function dependent only upon the boundatyith

momentr (t) = aF(t) 2
Jre

ke + 2
(14)

B’I‘% + akyg
ke + 2

Ky = K, = Jot =

W =7()0(L). (6) ke + 2
Applying Hamilton’s principle to the expressions f&IE, PE,

andW yields the resulting dynamical equations and boundary Because of the relatively high gear ratigequired to bend
conditions the rod, (11) suggests that the motor will feel little of the back-
driving effect of the rod dynamics transmitted though the cable

.. T 1" _
) pmi = [QOQ 2] =0 (73)  tensionF. The coupling factof:, increases the effective back-
pi0 — EI16" — 2'TSQCQTv =0 (7b) driveability of the motor/gear system, providing greater control
EI0' (L, t) =7(t) (7c) over the rod boundary. Associating (13) with (7c) results in the
QCQ v|, =0 (7d) new boundary condition
6(0,t) =0 (7€)  EI0' (L, t) + Jegb(L, t) = —K40(L, t) — K,0(L, t). (15)
z(0, ) =0 (7N (Remark: We have implied thdf is bipolar [a positive or
whereS is the skew-symmetric matrix negative quantity], but a cable can only support tension. The
“tension” F really is the subtraction of the two tensions of an
g - 0 1 ®) opposing cable pair. This subtraction is performed mechanically,
T |=1 0] as in Fig. 5, and without loss of generality we continue to

- ) refer to F' simply as the cable tension.)
The boundary conditions in (7d) reveal the absence of applied

axial or shear forces on the free end of the beam; (7e) and (7f)
indicate that the beam is clamped at the origin. We stress that
these dynamics, along with the following analysis, applies only The stability proof for the control system employs an energy-
to one section of a continuum robot; we do not address the cHa@sed Lyapunov functional, consisting of both the distributed

V. CONTROLLER STABILITY

lenges associated with multiple-section dynamics here. energies of (5) and (4), and two lumped-parameter energies.
A deeper and more general dynamic analysis of large deflec- 1 ~ 1 )
tion planar beams appears in [26]. V=KE+ PE+ 3 Kpl(L, t)* + 3 Jegf(L, t)*.  (16)

The first lumped-parameter represents a virtual torsional spring,
) o attached to the free boundary with spring const&nt. The
As illustrated in Fig. 5, the control cables attach to a pulley @kcond represents the effect of the motor and gear inertias. After

radiusb, driven by a motor through a gear ratioof> 1. The gome calculation, the power flow from the system is
angle of the motor i§,,, and the angle of the pulley & . Given

that the motor has rotational inertiaand viscous friction3, V=- ,19'(L./ t)? a7
we may take the simple motor model

IV. BOUNDARY TORQUE DAMPER

which is negative semidefinite, proving system stability.
Tl + Bl + 7 = T (9)  Note that, since we know above tHét < oo, then, it fol-
lows that(1/2) fOL E16? ds < oo. Invoking Condition 2 from
wherer, = (b/r)F is the torque due to the cable tensiBnand  Section Il implies tha#’?(s, t) € £°°, which in turn implies
7 the applied motor torque. Note the geometric relationshifat|¢’(L, ¢)| < co. Using boundary condition (7c), we see that
between the motor angle, the pulley angle and the backbgre < o, so thal F'| < oco. Similarly, from the Lyapunov result,
boundary angle it follows that|(L, #)| < co and|f(L, t)| < co. Consequently,
ra the control (12) law must be composed of signals which are all
O =1y = 5-0(L, 1) (10) ' pounded.
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We reach a similar conclusion in [11], and then proceed tdsing these equilibrium equations, along with boundary condi-
use an invariance principle to prove thaté(fL, t) = 0, then, tion (15), we find that the steady-state error for the system is
the only allowable rod configuration was the static equilibrium o
solution. However, the simple nature of the linear model é(L) = 7(’L
used there makes an asymptotic convergence proof possible, L+ Ky (ﬁ)
primarily due to separability. On the other hand, the currefich can be arbitrarily reduced by increasifig, an intuitive
dynamical model is highly nonlinear and significantly moregg .
detailed, casting doubt on even the existence of an asymptotic
convergence result. In a continuous elastic system, the possi- VII. L INEARIZATION PROCEDURE

bility exists that a given control scheme or system configuration . . )
might isolate certain vibrational modes. In that case, ener%/;rhe dynamic variables remain unknown, but we next assume
| ’

(26)

would remain “trapped” in the system, possibly disallowin§at their range is a “small” neighborhood around the origin.
convergence of the system to the control objective. SpecificallyiS being the case, we linearize the dynamics and boundary
(17) seems to indicate that modes for whié(’L ) = 0 conditions abqut the equilibrium by evaluating a first-order
are uncontrollable. In order to address this possibility, wEYIOr €xpansion abodtandz
observe that we may derive a good approximation of the system of
motion by linearizing the dynamics about the beam’s static + [ ] Z
equilibrium. This is the objective of the following two sections. =z
where the coordinate vecteris

VI. EQUILIBRIUM IN THE BEAM ) .
If we neglect all time-derivative terms, the first field equation z=[0 w6 i HT o
(7a) suggests that the shear and axial forces must be constant, ]
i.e., QCQTv = c. But boundary conditio@QCQ*v|;, = 0 and

/ / / " 11 "
0"z x5, 67 oY xf

shows that = 0. SinceQCQT is always full rank, this must " [/)jé — EIV" — 2'TSQCQTy s
_ J(&) = . = U
mean tha(s) = 0, or EA i — (QCQTQ)/
'y = cos(f) The equilibrium vector will be
x4 = sin(6). (18) _
z=1[0 T, = 0 0 0 0 O O

Therefore, the second field equation simplifies to gz, 7, 0 ¥ FTUT

_~

0" =0 (19)  pecausd” = 0 and all ime-derivatives are zero by definition.
As expectedf(z) = 0 by direct calculation, simplifying with

supporting from first principles the constant curvature formul?%) and (24). Thus, evaluating the Taylor expansion yields

found in [9]-[15].

We nextdissect the solutions for 21, andz» into their static of pj'é — EI§" + GAH — GAT'T S
and dynamic components [8_—} 53— 1 =0
_ . zlz mi — (QCQT#) + GA(STz'd -
0(s, t) =0(s) + (s, 1) pmt = (QOQTE) (s729) 8)

xi(s, t) =T;(s) + &i(s, t) (20)

_ ) o . . _anonsingular expression, linear in the “hat” variables. The as-
wheref andz; are the spatial equilibrium solutions, ahéndz; ¢ cigted boundary conditions are

are the time-varying dynamic coordinates. Thus, (18) and (19)

become EI0(L, t) = —Jugb(L, t) — K40(L, t)
7 — (21) — KPAH(L, t) (29)
T = cos(f) TY =sin(h) (22) i/A(L-/ t)=STz'0(L, t) (30)
hich imofi 0(0, 1) =0 (1)
which implies .
&0, 1) =0. (32)
_16<S) =R _, . (23) We next apply LaSalle’s Invariance Principle to the linearized
v1(s) = ;05(9) Ty(s) = sin(f) (24) dynamics, analyzing the possible system solutiols# 0, im-
T1(s) = —sin(d) Ta(s) =~ (1 —cos(d))  (25) Pplying (L, t) = 0 andd(L, t) = 0. Furthermore, we assume

that the linearized system may be spatially and temporally sep-
accounting for the geometric boundary conditions. Note tlaated, so that
similarity of these expressions to the analogous ones in [6]. R
Thus, the equilibrium shape is a circular arc. (Note thaand =0
Ty always exist even in the case of zero curvature= 0.) T =X(s)W(t). (33)
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From the Lyapunov argument, we know that the sum of all vi- Numerically integrating (34a) and (34b) with (35a) and

brational modes must be stable, so without loss of generali®(L) = 0 yields X(s) = 0 and©(s) = 0. Therefore, in

we may analyze the system one mode at a time, by assignihg case thatank(M) = 2 we may again invoke LaSalle’s

W(t) = exp(jwt). The common temporal term can now bénvariance Principle to show that the beam will asymptotically

factored out of the dynamics and boundary conditions, leavirgpnverge to its equilibrium point. However, we find thé&ft
does not always have full rank. The next section explores this

(GA = pjw*) © — E1O" observation.
+GAZ'TSX' =0 (34a)
—pmw?X — (@(1@ TX)’ VIII. A XIAL/SHEAR VIBRATIONS
+GA (STE’G)' =0 (34b) Consider the case of a straight-line equilibrium shape with
EIO'(L) = —K,0(L) (34c) Z€10 curvature. Now = 0 andz’ = [1, 0]7 so (28) becomes
- p
! — g%/ P A R

X(L)=S7Z'6(L)  (34d) pib — BI0" + GAD — GAYy =0 (40a)

0(0) =0 (34e) oot — BAG
X(0) =0 (34f) =0. (40b)

Pmin — GAZY + GAY'
Consequently, the requiremefttZ, ¢) = ©(L)W (t) = 0 oc-
curs in two cases.

Case 1w = 0: Thesolution of (34) i®(s) = 0andX(s) =
0. The beam equilibrium shape is then the largest invariant

The first expression in (40b) is simply the wave equation,
governing the dynamics of axial vibrations in the beam. The
boundary conditions from (30) and (32) atg(L, t) = 0 and
D e . S ?p‘alt(o, t) = 0. Clearly, if there is any initial axial endpoint
containingV’ = 0, so LaSalle’s invariance principle proves tha&isplacementil(L, #) # 0, these dynamics will advance

the origin is asymptotically stable. unhindered by any dissipative reaction from the controller.

. Case 20(L) = 0: .Th's case can be Fhought of as an add_LThe axial motion decouples from the transverse motion, so
tional boundary condition, bringing the list of boundary Condlfhe controller provides no axial damping. The frequencies of
tions to '

vibration are
O(L)=0 O(L)=0 X'(L)=0 (35a)

0(0) =0 X(0)=0. (35b) e = 2nF DT JEA

=0,1,2.... 41
o\ =0l (41)
Unfortunately, the associated boundary value problem is highl
coupled and does not lend itself to closed-form analysis. Al
neither boundary supports enough conditions to numerically i
tegrate a solution. The free boundary has the most conditiofi

so we now set the condition fdf (L) in two separate cases. Forture: . - , .
each instance. we label the associated solutions as Now, consider the possibility that the beam’s material and

dimensions permitt/ > GA (by which we mean at least
X(L) = [1} . {6(”(3)7 X(l)(s)} (36) an order of magnitude larger). G_e_nequbyi > pj, SO equa-
0 tion (40a) would render the quantitie€sdd andG A6’ relatively

umerical integration verifies these frequencies correspond to
ﬁéses whereank(M) < 2. Furthermore, the simulations indi-
gte thatv,..;.1 remains fixed regardless of equilibrium curva-

0 small compared witliz Az} . Consequently, the second expres-
., 1e® 2 2
= [1} {6 (s), X (S)} ’ (37) sion in (40b) would be,,, 22 — GAZY ~ 0. Aslong asG A and
. . _ . ) FE 1 remain nonzero, this expression will always remain coupled
With six final conditions in expressions (35a) and either (3@}, (40a), and the boundary torque damper. Nevertheless, this

or (37),.we can integrat_e backv_vallr.d o= ()_,'noti.ng that the “thick” beam may exhibit shear vibrations requiring a long time
integration must also satisfy the initial conditions in (35b). Fromy, damp out. Their frequencies are

linearity, we have

17 fo O(s) = a®W(s) + SO (s) _ @Gntbr [GA —0.1,2.... (42
X0 =afy |+ MH{ﬁs):az(”(s)+@<2>(s) R )

. . We note that carrying out a numerical integration in (34a)
by superposition. The boungiary c_:ondltlons at the clamped e&qd (34b) requires the definition of the constakits K A, GA,
of the beam must still hold, implying pm. p;,» and L. While the integration should produce consis-
al A [0M(0) @(2)(0)] o tent results with virtually arbitrary (nonzero) choices of these
UHE [

(1) 2) ﬂ} =0 MeR¥? constants, a great deal of effort may be expended attempting to
X2(0)  X(0) interpret results corresponding to constants that cannot physi-

for arbitrary frequencw. If M has full rank for alkv, then the

only solution to (39) would bee = g = 0. This would imply E

(39) cally attain the chosen values. For instar€é@and E are related
that the only valid free boundary positionis(L) = 0. G= 2+ 20

through Poisson’s ratio as
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Fig. 6. Minimum singular value,;, of M versus frequency. Bold line ! 1=3/4f !
represents the spring-steel backbone. Thin and dotted lines ak&/fer GA
andEI = 10G A, respectively. 08 : 08
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Sincev € [0.2, 0.6] for nearly all solid materials, this places a 04 b4
fairly tight restraint on the value of the shear modulus relative 52 i
to Young’s modulus. Similarly, the elastic, small-strain energy
formulations used to derive the dynamics assume a large beam oL ’
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aspect ratio (a beam with a high length-to-thickness ratio). Con-
sequently, it will usually be found that < p.,,. However, even
within the constraint of a large aspect ratio, it is possibledér Fig. 7. Left and right columns represent the first and second modes of
to vary, over several orders of magnitude, a possibility with i@xial_ \_/ibration at_;pu_t a nonzero equilib_rium curvaturge, respectively. Note the
: . L. . semicircular equilibrium shape in the middle frame, gne 27waxial-
teresting implications mentioned above.
For the spring-steel robot, the constants used in the numer-
ical simulation were based partly on measurements, and pagtythe pass-through points becomes a more severe problem.
on material data available from a variety of sources. The caf practice, this problem does not seriously hamper normal
culations of constantg; and depend on the cross-sectionabperation of manipulator until the backbone reaches curvatures
shape of the beam; see [20] and [26] for more detail. Usirag or near the recoverable surface strain limits of the material
L=0.64mFE=2x 101" N/m?, v = 0.3, A = 10.5 x 1075 (around 1% for spring steels), but nevertheless efforts were
m?, p,, = 0.0781 kg/m, p; = 4.485 x 107 kg'm, and] = made to reduce its effect by flaring the pass-through holes and
6.05 x 10-13 m?*, a plot of the minimum singular value,,;, using teflon-coated cablegovenfrom very fine steel stands.
of M, versus frequency appears in Fig. 6. The bold line, re- A picture of the tension-feedback load cell appears in Fig. 8.
flecting simulation results using these constants, indicates Blecause the application in this paper involves high-gain tension
lowable frequencies at the predicted valuesugfi.;. The thin feedback, a piezo-based load cell was chosen to measure ten-
line in Fig. 6 represents the behavioraf;, if £I ~ GA. The sionowingto its extremely clean and noise-free output as well as
dotted line shows the same plot iBtf ~ 10G A. Note the pres- simplicity of use (relative to such technologies as strain gauges).
ence of large dips corresponding exactly to the frequenciesTiie fact that piezo load cells are fundamentally dynamic sen-
wshear- IMages of the first and second modes of axial vibratiosprs did not prove problematic because the particular load cells
with curvaturex = 2, appear in Fig. 7. Note that the endpointhosen have time constants of well over 60 s, meaning that for
slope®(L) remains fixed throughout the motion so rotary endall practical purposes they yield “static” outputs for durations of
point damping has no effect on these modes. 10 s or less and are more than capable of capturing the lowest
frequency dynamics of the spring steel backbone.
The system was operated by a Pentium IV 400 MHz PC run-
IX. EXPERIMENTAL SETUP AND RESULTS ning Microsoft Windows NT 4 in conjunction with the real-time
The experimental spring steel backbone, illustrated backnmicro-kernel HyperKernel (Nematron, Inc.) through a Quanser
Fig. 2, is 64-cm long, 0.8-mm thick, and 1.27-cm wide. Th&ultiQ Il I/O card.
cables are suspended 1.27 cm from the beam centerline, antihe analysis shows that, if there is a nonzero initial shear or
threaded through 11 cable standoffs. The main drawbackawial displacement on the beam, the torque-damper controller
cable designs centers on the problem of friction in the cabhéll drive the endpoint angle to a desired value, but not of the
standoffs, a phenomenon not modeled here. As the cable tenepoint position. For thin beams, however, the axial and shear
sions rise to overcome stiffness while the robot bends, frictistibrations occur at high frequencies and with small amplitudes,
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Fig. 10. Differential cable tension for the cases with and without coupling.

Fig. 8. Differential tension load cell system. Cables, pulleys, and winch af@in line:k. = 0, kg = 0. Thickline:k, = 6, kg = 0.025.
emphasized in white.

X. CONCLUSION

40f

(a) | To summarize, we have taken an in-depth look at the dy-
] namics of a single section of a planar, continuum robot backbone

simply consisting of a thin elastic beam. Using an appropriate
l large-deflection dynamic model, we applied a PD-plus-cou-
pling setpoint control strategy to attempt to damp out flexural
0 5 10 15 20 2 vibrations near the origin as much as possible. An energy-based
stability proof guaranteed the global stability of the controller.
Also, we illustrated that asymptotic convergence of beam ori-
entation and paosition is not possible in the presence of axial
vibrations; however numerical estimates of the frequencies of
those vibrations render them relatively benign. Experimental
results on a backbone section made of highly elastic spring
steel illustrated the efficacy of the control strategy.
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0 s " e 2 % Much work remains in the modeling, design, and character-
ization of continuum backbones. Clearly, a useful continuum

Fig. 9. Endpoint angle error respore) — 8,. (a) Without couplingk. = Manipulator consists of multiple sections serially connected, in-
0, k4 = 0. (b) With coupling k.. = 6, ks = 0.025 creasing the complexity of the model, as seen in [12], [13]. Dy-

namic and kinematic modeling in the general 3-D case presents

rendering them insignificant compared with the bending mé-challenge also. Axial motions, while not practically problem-
tions. The coupling strategy of the controller trades slower angi#ic for a backbone of high axial stiffness, may in fact be highly
convergence for faster position convergence, as illustratedd@sirable for manipulators which can contract and extend. One
Fig. 9 where the beam angle steps over four 28rements design has already been built with this capability [17], and with
up to 90, and then back to zero in two 45ncrements. In appropriate actuation the results in this paper could be extended
Fig. 8(a) the angle error converges quickly to zero under prg-that case. From a sensing and actuation point of view, the pos-
portional-derivative (PD) control. Adding coupling in Fig. 8(b)sibility of using continuous actuation materials (e.g., “smart ma-
slows the angle transient, allowing the controller to extract efgrials”) exists [1], and the problem of obtaining straightforward
ergy from the system through the rotary angle motions. Tlegrvature or position measurements for 3-D backbone curves
manipulator does not have an endpoint position measuremp@tsists. Nevertheless, the field of continuum and hyper-redun-
sensor, but the differential tension measurement reflects the @&nt manipulation holds great promise in both the theoretical
ative magnitude and duration of flexural vibrations in the bear@nd experimental domains.
Fig. 10 shows the tension as the beam angle returns to the origin
in the last step of Fig. 9. The presence of coupling along with
a slight increase in overall damping significantly improves the
vibrational characteristics of the beam’s step response. As exl] W- M. Aguilera and M. I. Frecker, “Design and modeling of an active
. steerable end-effector,” iRroc. SPIE Smart Structures and Materials:
pected, the step back to the zero angle produced the worst Vi-  \qeling, Signal Processing and Control in Smart Stucturek 4326,
brations, owing to the absence of cable friction at the origin. 2001, pp. 490-498.
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