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Abstract

Frequently in the practice of mechatronics, we see
systems driven by multiple actuators where those actu-
ators must work in a highly coupled fashion to achieve
the desired results. In some cases, it may be desir-
able to provide more actuators than are strictly nec-
essary, in which case the system becomes underdeter-
mined, or redundant. Such underdetermined systems
require the use of optimization schemes to resolve the
redundancy in a manner consistent with a secondary
task, such as the minimization of applied torques or
ezpended energy. In a previous paper, we explored the
ramifications of using a local optimization algorithm
based on the least infinity norm. While a beneficial al-
gorithm in many respects, it sometimes provides solu-
tions which exhibit non-unique and discontinuous char-
acteristics over time. In this paper, we propose one
possible remedy for these problems, and continue to re-
veal more structure behind the least infinity norm and
the infinity inverse, applying our results to redundancy
resolution of a robot manipulator.

1 Introduction

The study of kinematic redundancy resolution is
fundamentally a study in optimization techniques. Sit-
uations requiring the adjustment of a finite set of vari-
ables in accordance with a scalar constraint function
abound, as do methods of sensibly combining the vari-
ables into a scalar constraint. However, simply choos-
ing an optimization criteria does not necessarily pro-
vide insight into an obvious optimization procedure,
and some side effects of using a given procedure may
render it all but useless. In mechatronic systems, this
finite set of variables often represent quantaties such as
applied torques and forces, positions or velocities, in-
put currents, etc. In the majority of these systems,
these variables work in a coupled fashion, be it se-
rially or in a closed chain. Here, an innocent ques-
tion arises. Assume there are more variables than the
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minimum number strictly necessary to accomplish cer-
tain tasks (the system is redundant). If each variable
exhibits upper limits (i.e. maximum speeds or maxi-
mum torques), can they “share” the work load for a
given task in such a manner that the redundant sys-
tem achieves the task, while the non-redundant system
cannot without exceeding at least one actuator limit?
The answer is often yes, though the solution procedure
may be non-trivial, and for this question the tool which
will provide our optimization constraint is the infinity
norm. From the point of view of the joint variables, the
infinity norm pays strict attention to the magnitude of
the individual variables, rather than “lumping” them
into an arbitrary optimization constraint.

Least infinity norm solutions are not yet widely used
in mechatronics and robotics because of certain numer-
ical difficulties. Previously, we demonstrated that such
solutions may in fact exhibit discontinuities and points
of non-uniqueness in time-varying systems [1]. This pa-
per proceeds to suggest one possible modification which
fixes this problem, introducing a predictive parameter
which indicates how “close” an infinity norm solution
is to a discontinuous point. Using this parameter, the
algorithm is able to smoothly transition over the dis-
continuity, as shown by several computer simulations.

Without loss of generality in the results, we will
choose a basic testbed for this paper, the rigid-link,
redundant, serial robot. This choice also allows the
work in this paper to dovetail nicely with key results in
a previous paper [1]. A rigid-link robot is classified as
redundant if the number of joints exceeds the minimum
required by the dimension of the task space. For exam-
ple, an industrial six-axis robot may be redundant if it
only serves to position its end-effector in space, with
disregard for the orientation, requiring only 3 degrees
of freedom (DOF). Similarly, a 7 or greater DOF robot
will be redundant performing any 6-DOF tasks. If the
robot has n joints and the task requires m degrees of
freedom, we may relate the robot end-effector location
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and orientation z to the joint variables § by!

z=f(8) (1)

with z € ®™, and § € R". Redundancy implies m < n,
or f:R" — N™. Typically, f will be a non-linear
function (often trigonometric) and impossible to invert
in a redundant case. Therefore, rather than specifying
desired positions, we may differentiate (1) to get

. ; af
i=J@8 J6) =5 @)
and specify desired velocities. Note in (2) the matrix J
is, in an underdetermined case, not square but rather
J € R™*™ with m < n as mentioned above. Much lit-
erature exists on the subject of redundant robots [2][3],
and some of their benefits include increased capability
for avoiding obstacles and singularities.

2 The Least Infinity Norm and the In-
finity Inverse

What is required to solve non-square, underdeter-

mined system like (2) is a “generalized inverse”. There
are an infinite number of such inverses, with the most
well-known being the pseudoinverse, such that the in-
verse of (2) would be

89 = g+ 3)

where J* = JT(JJT)~! and Q(z) is the optimal two-
norm solution. (This type of solution is used exten-
sively in robotics and comprises the heart of the con-
ventional approach to redundancy resolution). More
precisely, equation (3) solves

rrgn HQ”Q subject to £ = Jb (4)

Note that evaluating a pseudoinverse at some update
ratc along a given trajectory yields the joint velocity
vector which has minimum two-norm at every point
of evaluation. Expression (4) may be weighted with
the robot’s inertia matrix (for instance) to yield a tra-
jectory which attempts to minimize its instantaneous
kinetic energy [2][3]. However, while a pseudoinverse
solution minimizes the total joint “energy”, it does not
guarantee that each individual joint speed is as small as
possible. (The problem may be reformulated to mini-
mize not just velocities, but torques, currents, or other

L A note on notation: vector quatities and functions will be
denoted with underscores (for example, z), matrices will be cap-
italized (J), and all other quantities (m,n) are scalar unless de-
noted otherwise. Sets and subsets are bold (A, K).

parameters [8].) As such, the pseudoinverse can pro-
vide solutions where individual elements exceed the ca-
pabilities of the associated actuator.

In order to confront this problem, Deo employed
the infinity norm as a minimization criterion [4]. The
infinity norm of an arbitrary vector ¢ is defined as

llelloo = max{le1], |e2|, ..., lenl}, eeR  (5)
In our case, we would want to solve
min “Q” subject to & = J@ (6)
Q [e}

to minimize the maximum joint speed. Denoting the

optimal solution as Q(oo), another way to think of
the solution vector is to note that, if any maximum-

magnitude element of Q(m) exceeds the associated joint
limit, then it is not possible to achieve the desired task
gwen the current joint variable limits. In other words,
least infinity norm solutions attempt to distribute the
work between all available resources, minimizing each
individual joint contribution as far as possible.

Unfortunately, while minimum infinity norm solu-
tions serve as valuable tools, they are non-trivial to
compute. Cadzow presented the first algorithm to find
a minimum infinity norm solution to an underdeter-
mined problem [5], and several alternative algorithms
have subsequently appeared, offering varying degrees
of stability and computational load [6]{7]. Although
the complexity of these numerical algorithms tends to
thwart analysis efforts which concentrate on the struc-
ture of a problem, we have found that the solution to
(6) can be formulated as

Q(oo)

=J% (7)
where J# = Q(JQ)~!. This is the “infinity inverse”,
and its structure is very close to that of a pseudoin-
verse. The matrix ) may take many different forms,
but one form proving particularly useful fills  with
only elements of the set {1,—1} [1]. We now mention
a very important property of minimum infinity norm
solutions [5], used extensively in the algorithms which
compute such solutions.

Equal Magnitude Property: The minimum infin-
ity norm solution vector to an underdetermined
system must have n —m + 1 elements equal to the

mazimum magnitude HQH . Only m—1 elements
[o o)

may be uniquely assigned with lesser magnitudes.

Though the infinity inverse does not lend itself to
direct computation [1], the structure has well-defined
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Figure 1: Joint velocities from the robot circle trajec-
tory shown in figure (2). Note how the Equal Magni-
tude Property is always preserved.

geometric and algebraic meaning, and for any algo—

rithmic solution Q(m), there are a set of trivial rules to
create the corresponding @ which computes that solu-

tion. With these tools in hand, it has been shown (1]

that some situations exist where Q(w) is not a unique

solution (whercas the pseudoinverse always guarantees
unique solutions). Furthermore, as the robotic system
evolves and changes over time, if it moves “over” a
point of non-uniqueness this can cause a discontinuity
in the computed solutions. With a redundant robot,
we can see an extreme case of this if we review an ex-
ample of a 4-link planar robot. We take x-y positioning
of the end-effector as the taskspace, so the robot has a
2-dimensional nullspace (2 degrees of redundancy). In
figure 2, it attempts to execute a clockwise circle. Nat-
urally, the algorithm attempts to reduce the maximum
joint spced as far as possible, which soon leads to joint
1 (the center joint) doing all of the work. A pseudoin-
verse here would simply drop the speeds of joints 2,3
and 4 to zero, but the least infinity norm solutions must
obey the “Equal Magnitude Property”, and thercfore

at least two joints always oscillate between — ‘Q ” and
je o)

+ HQH , as seen in figure 1. Again, this represents an
o0

extreme case of discontinuity using least infinity-norm
solutions.

-2F

-3t

Figure 2: A picture of the four-link planar robot tra-
versing a circle. The inital configuration is {135, -90,
45, 0] in CCW degrees from the horizontal. The robot
end-effector travels CW.

3 Tackling the Discontinuity Problem

To repair the discontinuity problem, we are inter-
ested in a predictive method which “senses” when a
discontinuity is near, and gradually takes corrective
action. Though not the only possible remedy, this
method preserves those features of just-in-time local
optimization which are most desirable, for instance,
fast response to dynamically changing environments.

We now present our predictive method, which we
have dubbed “rate mixing”. It has the following form:

§ = TQ(OO) +(1— r)é(2)

= - b

0<r<i1 (8)

A quick substitution of § into (2) demonstrates that

9" is a valid solution. Conceptually, we now want to
vary this parameter r, called the “mixing factor”, so
that it stays near 1 most of the time, moving to 0 at
points of discontinuity. Under these constraints, if 7
varies continuously, 8" will vary continuously because

Q(Z) is always unique and continuous. (The pseudoin-
verse solution need not be the only choice here, any
sub-optimal continuous solution will work.) The choice
of a good mixing factor depends on several conditions
which we explore next.

To proceed with the discussion on how to deal with
discontinuities, one should understand the geometry of
least infinity norm problems. As mentioned earlier, we
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typically start in n-space (R™) with a set of n joint vari-
able constraints. Call this constraint set Cgp, defined
in our case as

Co= {éi k<0 gk,-} i=1,2,.,n (9

and note that Cop C R™, and takes the shape of a
polytope aligned with the elementary basis vectors
[1,0,0,..0], [0,1,0,...0], ..., [0,0,...,1]. (If some actua-
tor constraints are dependent, then the polytope may
not align with certain basis directions.) If we make a

variable substitution, § = D@, in the vast majority of
cases, there exists a non-singular weighting matrix D
such that we may normalize polytope Cp into a hyper-
cube C; with

Ci= {6~k <O <k} i=12.,n  (10)

Letting J = JD™', the optimization problem can be
solved in normalized space, and the solution then de-

. () o)
normalized at the end, 8§ ~ = D~'8 . Henceforth
in our discussion we assume the problem has already
been normalized, and the actuator constraint set looks
like C1, a hypercube in n dimensions.

From a geometric point of view, finding [9(00) in-

volves “growing” the hypercube (i.e. increasing k from
0) until one edge of it touches the solution space S (8],
where S = {0 : J§ = &} and S is always parallel to
the nullspace of J, denoted N. Note N € R"~™, and
we will represent the nullspace with a matrix N such
that the orthogonal columns of N span the nullspace.

In other words, let
N e R0 span {ny,ng, -,y } =N (11)

As the hypercube expands, just where it first intersects

the solution space is the point Q(OO). In the case of the
two norm, we start not with a hypercube, but a hy-
persphere, and Q(Z) is the point where the sphere first
touches S. At this point, there can only be one so-
lution because the hypersphere is “round”, but in the
case of a hypercube, if the nullspace is exactly aligned
with a side or an edge of the hypercube, then C; NS
contains an infinity of solutions. This represents the

case of a non-unique optimal solution Q(oo). Further-
more, if a time-varying system encounters this point
in its trajectory, the solution could “hop” across the
side of the hypercube, resulting in a discontinuity. It
is important to note that this condition, which we will
call the “Zero Subspace Angle” condition, is necessary
but not sufficient for a discontinuity. We now proceed
to define this condition more rigorously.
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The subspace angle is defined geometically as
the angle between two hyperplanes (subspaces
S; and S;) embedded in a higher dimensional
space. For instance, if span{[0,1,0]T} = §;
and span{[O,T/l—i,%]T,[l,O,O]T} = Sg, then
angle(S;,S2) = 45°. More precisely, let S; be a
matrix with orthogonal columns which span S;, and
S> be a matrix with orthogonal columns which span
S5. Then,

angle(S1,S2) = cos (o), 19
o = min{diag(X)} with USVT = STS, (12)
The subspace angle is the inverse cosine of the mini-
mum singular value of ST Sz [9].

This is relatively unwieldy, but its use will be simpli-
fied shortly. We begin by assigning S; = N. (Because
S and N are parallel linear spaces, the subspace angle
will be the same whether the columns of S span the so-
lution space or the nullspace). Since we are concerned
with the solution space intersecting edges and faces of
the hypercube (which are always aligned with the el-
ementary basis vectors), we must choose m of these
basis vectors to be the columns of S;, so that, if N
and S, are independent spaces, NUS, C ™. That is,
if the spaces are independent, then their union should
be the complete space R". Now the question is, which
m basis vectors should form S¢? There will be (:1)
possible arrangements and, from the above discussion,
we want to know if the nullspace has a zero subspace
angle with any one of those choices. Now we note the
following result:

Zero Subspace Angle Condition For an underde-
termined system employing least infinity norm op-
T . . . p(00) 5(0)
timization with an optimum solution 8 ': 8

non-unique = 3 some Sy spanned by elementary

basis vectors such that cos™(c1) =0 .

Finding the subspace angle for () subspaces could
take a long time using the singular value decomposi-
tion method, and yields little intuition. Since we do
not need the actual angle, only a number representa-
tive of the angle (in a one-to-one correspondence) we
may note that, by filling a n x n matrix with columns
which span the two subspaces, a zero determinant indi-
cates that the column space is not complete. Since we
know that, by construction, So consists of m columns of
0’s and 1’s (no column repeating), it will always span
R™. Therefore, to find the minimum subspace angle
over all possible faces and edges of the hypercube (all
possible S2), we may concatenate N and Sz into anxn
matrix and find its determinant. A zero determinant
corresponds to a zero minimum subspace angle; larger



absolute value determinants indicate larger subspace
angles. Note that we may also swap rows in this con-
catenation matrix in the following manner:
N0 ]

(13)

V| So] = [ N

with the result that
|det [N | So]| = |det[N1] * det[I]| = |det[N1]| (14)

Now (;L) subspace angle calculations have been dis-
tilled down to () determinants of size (n —m) x (n —
m). Define

Amin = Hélzn {|det[M1]|} (15)

In an evolving trajectory, if dmin approaches zero, the

solution Q(oo) gets closer and closer to a point of non-
uniqueness, and possible ‘discontinuity. Note dpmip is
continuous (although not smooth) if the elements of
N vary continuously; this implies the elements of J
varying continuously — a reasonable expectation if the
input trajectory contains no discontinuities.

Only one step remains to refine dp,, into the mixing
factor r from (8). We must limit dmin to exist only
between 0 and 1, which can be accomplished as

r=1- e"a"dmin (16)

Recall that dyin > 0. The parameter a adjusts how
quickly the algorithm switches from one solution to the
other, tending to “round out” the sharp edges of the
hypercube.

4 Results Using Rate Mixing

The rate mixing method has proven quite effective
in a number of examples. Figure 3 shows a revised
version of the circle example. The first plot shows how
r varies with time, heavily favoring the pseudoinverse
solution to avoid the oscillations present from figure 1.
The picture of the actual robot looks to the naked eye
identical to figure 2, and is not reproduced here. Figure
4 shows a linear trajectory, specifying £ = [—0.8, —0.8]
for about 4 seconds. The robot picture does yield
much insight, and is not included; note that this trajec-
tory contains an isolated discontinuity which the robot
smoothly avoids, favoring the infinity norm solution
most of the time. Also note that the mixing factor
hits zero once where there is no discontinuity. This
represents a point of non-uniqueness, however the ro-
bot’s trajectory did not take it “across” the non-unique
point to create a discontinuity. This instance reflects
the necessary, but not sufficient, quality of the mixing
factor.
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Figure 3: The “corrected” circle example. In the four
velocity plots, the thick line represents the mixed solu-
tion, the thin line is what the infinity inverse provides
on its own; mixing factor r is shown at the top.

5 Remarks on Computation and Spe-
cial Cases

The computational load involved in producing 8" at
any reasonable sampling rate could grow quite large.
However, careful construction of the algorithm can
help reduce this load. One notably stable algorithm

for - finding Q(w) involves computing Q(Q) as the first
step [7]. Additionally, a modified computation of the
pseudoinverse J¥ in this algorithm using singular value
decomposition yields the nullspace NV with little addi-
tional effort. For rigid-link robots, the typical degree of
redundancy will be only one or two; in the most com-
mon case — one degree redundant — the determinants in
(15) boil down to a simple search for the smallest mag-
nitude element of the nullspace vector. In addition,
modern computers executing these types of algorithms
typically provide time to spare even on very complex
computations. The initial step in the rate-mixing al-

‘gorithm is the computation of the pseudoinverse. In

the case of 7-DOF robot with a 6-DOF taskspace, an
iterative singular value decomposition (calculating U,
¥ and V) takes an average of only 190us on a Pentium
IT 450Mhz CPU, with the maximum time-to-converge
around 210us. (This experiment was performed in a
real-time operating system and averaged over 10 000
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Joint Velocities and Mixing Factor vs. Time
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Figure 4: A linear trajectory. The four link planar
robot of figure (2) starts with initial position [135,-
45,45,0] in CCW degrees from the horizontal. The
thick line is the final result, the thin line is the least
oo-norm solution alone. ‘

randomly generated 6x7 matrices.)

Of mathematical interest is the following observa-
tion. In a one-degree redundant case, the nullspace is
one dimensional and it is easy to show that any arbi-
trary minimum p-norm solution to (2) (p > 1) must

be a linear combination of Q(oo) and Q(Z). Since the
rate mixing expression does in fact provide a convex
combination of the two solutions, it is likely that the
resulting 8" closely follows a minimum p-norm solution,
with 2 < p.

6 Conclusions

In this work, we have reviewed the benefits of min-
imizing the infinity norm of a solution to an under-
determined system. We noted that the presence of
discontinuities presents one of the current challenges
while using infinity norm solutions in time-varying sys-
tems. In order to smooth out the solutions, while still
preserving the essence of a least infinity norm answer,
we suggested the rate mixing solution, based on the
geometry of the problem. This allows for a varying
mixing-factor r to switch from infinity norm solutions
to sub-optimal continuous solutions near discontinu-
ities, with the mixing factor being a relative indication

of the minimum subspace angle. The simulator results
demonstrate success at avoiding discontinuities in typ-
ical trajectories. Though we chose a simple test case to
frame our results, they represent a general method for
solving dicontinuity problems with infinity norm opti-
mization and could be used in any number of different
situations, including robot redundancy resolution at
the joint velocity and torque levels?.
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