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91 Introduction

In this chapter, we consider second-order circuits. A second-order circuit is a circuit that is represented
by a second-order differential equation. As a rule of thumb, the order of the differential equation that
represents a circuit is equal.to the number of capacitors in the circuit plus the number of inductors.
For example, a second-order circuit might contain one capacitor and one inductor, or it might contain
two capacitors and no inducfors. T

“For example, a second-order circuit could be represented by the equation
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where x(z) is the output of the Cireuit, and f(}m'éﬁﬁﬁ the cjrcuit. The output of the circuit, also
called t "‘i;ésponse of the circuit, can be theCliffent or voltage of énﬁgi;ice in the circuit. The output is
freguentlx chosen to be the cumrent of an inductor or the voltage of a capacitor. The voltages of
independent voltage sources and/or currents of ependemq%%ﬁ/me input to the
circuit. The coefficients of this differential equation have names: o is called the damping coefficient, and

g is called the resonant frequency. . ’
To find the response of the second-order circuit, we:
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* Represent the circuit by a second-order differential equation.

* Find the general solution of the homogeneous differential equation. This solution is the natural

378 - response x,(?). The natural response will contain two unknown constants that will be evaluated later.
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9.2 Differential Equation for Circuits with Two Energy
Storage Elements’

In Chapter 8, we considered circuits that contained only one energy storage element, and these could be
described by a first-order differential equation. In this section, we consider the description of circuits with
two irreducible energy storage elements that are described by a second-order differential equation. Later, w
will consider citcuits with three or more irreducible energy storage elements that are described by a third-
order (or higher) differential equation. We use the term irreducible to indicate that all parallel or series
connections or other reducible combinations of like storage elements have been
reduced to their irreducible form. Thus, for example, any paral]el capacitors have
been reduced to an equivalent capacitor G,

In the following paragraphs, we use two méthods to obtain the second-order
differential equation for circuits with two energy storage elements. Then, in the next~*9¢
section, we obtain the solution to these second-order differential equations. '

First, let us consider the circuit shown in Figure 9.2-1, which consists of a
parallel combination of a resistor, an inductor, and a capacitor. Writing the n
equation at the top node, we have
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Then we write the equation for the inductor as

di
=L
VR G

Substitute Eq. 9.2-2 into Eq. 9.2-1, obtaining

Ldi ) %
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which is the second-order differential equatlon we seek Solve ’thlS equation for z(t) v is required,
use Eq. 9.2-2 to obtain it. - "B

~ This method of obtaining the second-order dlfferentlal Qduatlon may be called the direct method
and is summarized in Table 9.2-1.

.. InTable 9.2-1, the circuit variables are called x, and x,. In any example, x; and x, will be specific
element currents or voltages. When we analyzed the circuit of Figure 9.2-1, we used x, = v and x, = i.
In contrast, to analyze the circuit of Figure 9.2-2, we will use x; = i and x, = v, where i is the inductor

current and v is the capacitor voltage.
Now let us consider the RLC series circuit shown in F]ngI‘C 9.2-2 and use the direct method to
obtain the second-order differential equation. We chose x; = i and x, = v. First, we seek an equation for

dxi/dt = di/dr. Writing KVL around the loop, we have

= I

i ‘
LE + v+ Ri =, (9.2-4)
where v is the capacitor voltage. ‘This equation may be written as
di R, v S
ST I. (9.2-5)
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Table 9.2-1. The Dlrect Method for Obtaining the Second-Order leferentlal Equation

6f a Circuit -
Step 1 Identify the first and second variables, x, and x». These variables are capacitor voltages and/or inductor
currents.
dx;
Step 2 Write one first-order differential equation, obtdmmg d_ = f(x1,x).
a’
Step 3 Obtain an additional first-order differential equ Y = Kx or
‘ 1 dxa
Mok ar
Step 4 Substitute the equation of step 3 into the equatlon of step 2, thus obtaining a second-order differential

equation in terms of x.

_} FIGURE 9.2-2 A series RLC cucug . - FIGURE Y.2-3 Circuit with two
inductors.
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Recall v = x; and obtam an equation in terms of —. Because

2 ﬁ‘a. ,.Ld “ di =
‘[j - 4 A a5 4 R @, L)L =
LC =L bq& C— =i 3 T (026)
{
: dx;

or _ C d: xj - (9.2-7)

substltute Eq 9.2-6 into Eq.-9.2-5 to obtain the desired second-order dlffelentlal equat10
| v +v+ch_Ls_ =\, -ELSH *L(QQ
_ tdr Ld L

Equation 9.2-8 may be rewritten as )

R(L - L‘

dv Rdv 1 Vs

=0

(9.2-9)
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It remains to obtain one second-order differential equation. This is done in the second step of-the operator
method. The differential operator s, where s = d/dt, is used to transform differential equations into
algebraic equations. Upon replacing d/dt by s, Egs. 9.2-13 and 9.2-14 become

. L}

S ,g{,/,'{gil, +R(il—&)=§

and — i +ih+25,=0 ’ . ,
- - | (5 -1 +L, ¢, =0
These two equations may be rewritten as | . R A ? —'/Ll + Lz /-? -
l (S—l— l)i[ — i =Vs .
and S+ 25+ Dia =0

We may solve for i;, obtaining
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Therefore,

9.2-15)
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The operat01 method for obtaining the second-ordgr dlfferen(mI equatlon is sumﬁm in
Table 9.2-2. = L [P (P @’L
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desired variable x; and a second variable, ;. @ +‘(—E—§'ﬁ> \5
|

Step 2

Step 3 second variable azd-(he first variable.

Step 4 ic equauon-; r{ns of s and th

Step 5 (s, souxces) = P(s)/ O(s), where P(s)

Step 6 € the equation of step 5 s O(s)x), = P(s).

Step 7 Convert the operators back to deriVAtives for the equation of siep 6 to obtain the second-order differential R
equation. lﬁr‘ ’7 L\ ﬁf (’} L)S-(- R - !L il B

M‘A’[_‘( [ s3R CLS"’&)(L 5‘7’12) Rj by = &'U\ .__-—-»——*-"’“"—"'—
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Try it .
W yourself - ExampLE 9.2-1 Representing a Circuitby a 7‘@2 tfz,
in WiteyPLUS Differential Equation :

' N %

Find the differential equation for the cunent i, for the circuit of
Figure 9.2-4. ‘

' Solution
Write the two mesh equations, using KVL to obtain
‘ FIGURE 9.2-4 ercult for Example 9 2 1
2i + d11 dlg L )
N T ar 2,11«\»5;,-55 ‘vg o w
di; . di; Tl

—gp T35 =0 -s,L,-v?,u; *rZSAZ-'”?

Using the operator s = d/dt, we have

(24 s)i1 — sia = vg
and ) , —si,+(3+2s)'7—0

Using'ule to solve for i, we obtain é’ﬁff , g,., T ". ;
v g SVg (2 2; '

svS .

. Rea'n'anging 'Eq. 9.2-16, we obtain

- Therefore, the differential equétion’ for iz is
- l d l7 d
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Rowz, (3+29)=275 | S [@,Lz;)(m) By ;@
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Hint: Use the direct method. ;27\/
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Figure P 9.2-5
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P 9.4-4 The circuit shown in Figure P 9.4-4 confains a/switch
that is sometimes open and sometimes closed. Determine the
damping factor o, the resonant frequency @y, and the da}np_ed
resonant frequency o, of the circuit when (a) the switch is open
and (b) the switch is closed.
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th:e input for r > 0. ‘
" Hint: Use the operator methad. f]\.‘ 8‘3’3’5 T“‘T
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Figure P 9.5-2

dangerous felons. The handheld device provides a serles of
 high-voltage, low-current pulses. The power of the pulses is far
below lethal levels, but it is enough to cause muscles to contract
and put the person out of action. The device provides a pulse of
up to 50,000 V, and a current of 1 mA flows through an arc.
A model of the circuit for one period is shown in Figure P 9.5-3.
Find v(?) for 0 < r < 1 ms. The resistor R represents the spark
gap. Select C so that the response is critically damped.

10 mH

Figure P 9.4-4 )
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" P 9.4-5 The circuit shown in Figure P 9.4-5 is used in air-
planes to detect smokers who surreptitiously light up before
they can take a single puff. The sensor dctivates the switch, and
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Figure P 9.5-3




