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FIGURE 10.2-1 A sinusoidal function.
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sinusoid at the input frequency.

When all of the 1nputs o the GiFcuitsre sinusoids | havmg the same frequency, the forced 1esponse vt} is
also a sinusoid having the same frequency as the inputs. As time goes on, the transient part of the\
response dies out. The part of the response that is left is called the steady-state response. Once the |
transient part of the response has died out, we say that the circuit is “at steady state.” In the case of

sinusoidal inputs having the same frequency, the steady-state response is equal to the forced response, a

We can choose the output of our circuit to be any voltage or current that is of interest to us. We

conclude that when a circuit satisfies the two conditions that (1)all
vt L r | of the inputs are sinusoidal and have the same frequency and
! +  (2) the circuit is at steady state, then all of the currents and voltages

A ‘ .
are sinusoidal and have the same frequency as the inputs. Tradi-
: ' tionally, sinusoidal currents have been called alternating currents .

\/ circuits.
A To summarize, an ac circuit is a steady-state circuit in which ‘

all of the inputs are sinusoidal and have the same frequency. All of |

(ac) and circuits that satisfy the above conditions are called ac

the currents and voltages of an ac circuit are sinusoidal at the input /
q

frequency.
Consider the sinusoidal functlon

/ wlgd — A il YT
v(it+T) = () (10.2-2)
for all time. The constgnt T is called the “period off oscillation” or just the

of T defines the frequency ¢r number of cycles per
second, denoted by f, where 1
. f= ;

e hertz (Hz) in honor of the cientist Heinrich Hertz,
he angular frequency of th¢ sinusoidal function is

by the property

© (10.2-3)

The units of frequency
shown in Figure 10.2-2.

(10.2-4)

The units of angular freqd ians pe1 'second
Next, consider the effect of replacing 7 by r+ ¢, where t, is some arbitrary

constant time. As shown in Figure 10.2-3, v(r+1,) is a sinusoid that is identical

to v(z) except that v(z+1,) is advanced from w(?) by time z,. We have
V(I +1a2) = Asin(w (t+1,)) = Asin(w? 4 @1,) = Asin(wr+6) V

where 0 is in radians and is called the phase angle of the

sinusoid A sin(ct + 8). The phase angle in radians is related to vir+ 1y)

the time f, by K

e il

A

0

Courtesy of the Institution of Electrical
Engineers

FIGURE 10.2-2 Heinrich R. Hertz
(1857-1894).-

/7

0=cwt, = ta =2
0] T (10.2-5) t

. _ 2n o ta N 4
T . - a
Similarly, replacing ¢ by ¢ — #4 produces a sinusoid that —A

is identical to v(z) &xcept. that v(r — #4) is delayed from v(z) by
time 4. We have

FIGURE 10.2-3 Advancing a sinusoid in time.

*



10.16 SUMMARY

With the pervasive use of ac electric power in the home and

- industry, it-is important for engineers to analyze circuits with

)

o

sinusoidal independent sources.

The steady-state response of a linear circuit to a sinusoidal
input is itself a sinusoid having the same frequency as the
input signal. ’

Circuits that contain inductors and capacitors are represented
by differential equations. When the input to the circuit is
sinusoidal, the phasors and impedances can be used to repre-
sent the circuit in the frequency domain. In the frequency
domain, the circuit is represented by algebraic equations. The
original circuit, represented by a differential equation, is called
the time-domain representation of the circuit. '

The steady-state response of a linear circuit with a sinusoidal
input is obtained as follows:

1. Transform the circuit into the frequency domain, using
phasors and impedances. .

2. Represent the frequency-domain circuit by algebraic
equations, for example, mesh or node equations.

3. Solve the algebraic equations to obtain the response of
the circuit.

coefficients.

4. Transform the response into the time domain, using
phasors. ]

Table 10.16-1 summarizes the relationships used to trans-
form a circuit from the time domain to the frequency domain
or vice versa. ]
When a circuit contains several sinusoidal sources, we
distinguish two cases.

1. When all of the sinusoidal sources have the same
frequency, the response will be a sinusoid with that
frequency, and the problem can be solved in the same
way that it would be if there was only one source.

2. When the sinusoidal sources have different frequencies,
superposition is used to break the time-domain circuit up
into several circuits, each with sinusoidal inputs all at the
same frequency. Each of the separate circuits is analyzed.
separately and the responses are sumined in the time domain.

MATLAB greatly reduces the computational burden associ-
ated with solving mesh or node equations having complex



“Table 10.16-1

Time-Domain and Frequency-Domain Relationships

B4

ELEMENT - TIME DOMAIN FREQUENCY DOMAIN
Current Source i) =A cos (wt+0) Hw) = Ae/®
Voltage source v(r) = B cos (w1 + ¢) V(w) = Bel?
it) ()]
o, 1.
Resistor RZuvly vl)=RiM) R Viw Vi) =RIw)
il | , |(m)1j .
: 1 ) 1
C f ’ = = (
apacifor c I l_(!) v(r) C'/:“ i(t) dr oC 1_ V(w) V(c)) “aC Hew)
i Nw) |
_ , + i +
Inductor L vl vl =L i) joL < V(@) V(o) = joL o)
itn] ()
+
CCVS ioln) | elt) = K in) { (u) V(co) Kl ((u)
iy=0 , li
.\ 1V ~ i 4 o1 l((,J)
Ideal op amp 0 o — ° 0 o——
— + —
. 12_:0 (1) |2 =0 ((D)

2
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In summary, if a set of sinusoidal voltages vi(f) satisfy KVL for an' ac circuit, the
comresponding phasor -voltages Vi(w) satisfy the same KVL equation. Similarly, if a set of
" sinusoidal currents 4(7) satisfy. KCL for.an ac circuit, the corresponding phasor currents I;( ).

satisfy -the same KCL equation. ) R 7
camE Y

Try it
yourself [ ExampLe 10.3-4 Kirchhoff’s Laws for AC Circuits
in WileyPLUS . ‘
The input to the circuit shown in Figure 10.3-3 is the voltage source voltage, ' ‘+ -',,R»(,)' -
" ' R ‘ M,
vs(t) = 25 cos (1007 + 15°) V R=3000Q +
. +3 _ o
" The output is the voltage across the capacitor, C') 0 C=25uE T e
. : iy Coo
ve(r) =20 cos (1001 —22°) V : : i

FIGURE 10.3-3 The circuit in

Determine the resistor voltage vr(?). Example 10.3-4

‘Solution
Apply KVL to get

vr(t) = vs(t) —vel(r) =25 cos(100r + 15°) — 20 cos(1007 — 22°)
Writing the.KVL equation using phasors, _wi; have ‘

Vi () = Vy(w) — Ve(w) = 25 /15° — 20 /—22°
= (24.15 +6.47) — (18.54 — ]749)
—561 +713.96
68.1° V

- Conyen‘mg the phasor Vr(w) to the corresponding sinusoid, we have

Vr(@)=15/68.1°V & vx(t) = 15 cos(1007 + 68.1°) V

104 Impedances “ N E M/ ~— _ T

‘We’ve seen that all of the currents and voltages of an ac circuif are sinusoids at the input frequency.
Figure 10.4-1a shows an element of an ac circuit. The element voltage and element current are labeled

as v(¢) and i(¢). We can write »

v(t) = Vip cos(wt + 0) V and i(t) = Iy cos(wt+ @) A (10.4-1) ‘
where Vy, and I, are the amplitudes of the sinusocidal voltage and current, 6 and ¢ are the phase angles of |
} the voltage and current, and o is the input frequency. The corresponding phasors are

V(o) = Ve /8 V and Yw) =1, /9
Figure 10.4-15 shows the circuit element again, now labeled with the phasor voltage and current V(w)
and I(w). Notice that the voltage and current adhere to the passive convention in both Figure 10.4-1a \
and Figure 10.4-15.

EY

The anedance of an element of an ac c1rcult is deﬁned to be the ratio of the voltage phasor to ‘
~'the current phasor The nnpedance is denoted as Z{w) so - ‘

o) =y = ;/L%V L—_' G=p8 e

Consequently, V(o) = Z(0) (o) ‘ (10.4—3)“
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A resistor from an ac circuit is shown in Figure 10.4-4a. We know that the ) o
resistor voltage is a sinusoid at the input frequency so we can write R ve(®) R < Vo) |
| _ vi(t) = Acos(wt +0) 0 d | (o) l '
/ The resistor current is _ @ ® \
o vr() A !
ir(t) = R R cos(w? -+ 0) FIGURE 10.4-4 A resistor in an ac

. ] . i< the ratio of tt h h . circuit represented (a) in the time
The impedance of the resistor is the ratio of the voltage phasor to the qurrent phasor: o i and (b) in the frequency
domain.

Zr{w) —V—R—(w—) Aé | (10.4-8)

The impedance of a resistor is numerically equal to the resistance. Using Eq. 10.4-3, we write

V() = RIz(0) (10.4-9)

Try it ) ) .
_yo?uL;gﬁ S - FXAMPLE 10.4-1 Impedanceﬂ»

in WileyPl;.US

: _"'Ihe'iﬁsput“tb the ac circuit shown in Figure 10.4-5 is the source voltage i(t)T e
; vs(f) = 12 cos(10007 + 15°) V FEIO)
= Detér_fr,l!i»n_':(é)_ the impedances of the capacitor, inductor, and resistance and
i ‘(b) r.he' cuirent i(®). —
2 - - v+ ’
. ‘.::SOlU'tIOH ~ FIGURE 10.4-5 The AC circuit in

(a) The input frequency is w = 1000 rad/s. Using Eq 10.4-4 shows that the “Eample 10.4-1.
" “impedance of the capacitor is

1 1 25
Zc(w) = ==

| joC ™ j1000 (40 x 107°)
Using Eq. 10.4-6 shows that the impedance of the inductor is
: 7 (0) =jwL =j1000(0.065) = j65 Q

= —j25 Q

: Usmg Eq 10.4-8, the impedance of the resistor is
ZR(w) =30 0

 1 (b) ’Aijply KVL to write ‘
B 0 12 c0s(1000¢ + 15%) = v (1) +vi(0) + velr)

U g phésors, we get

. i 12 /15° = —I—VL(co)—}—Vc(a)) (10.4-10)
':”Usm Eqs 1045 10.4-7, and 10.4-9, we get _ ‘
12/157 = 30 1(@) +565 () 25 () = (30 +740) I(@) (10.4-11)

B 'Sqlvmgirrrfidr"i(w) gives
L 2 /15° 2 ° )
o) =282 1205 594 /3813 A
: 30+j40 50 /53. 13°

rr_espongllng‘sinﬁsdidf.is_", : , O .
SR i(2)=0.24 cos(lOOOt— 38.13° ) A ’ L
[l /
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Table 10.5-1 Voltage and Current Division in the Frequency Domain -

‘ !
CIRCUIT EQUATIONS
CpmE. “
_7 AL
' - i Z; h ‘
- 1 L=L=I
—C . !
—— J_J Iy v, =D
Voltage division + - VT + 7, ‘
v Cﬁ) * Z
BlE "z z;
Lo I ‘
— !
In _U I Vi=Va=V |
* + + Z: |
Current division 1 C) V' v 7 v, Z Z,+7n /
- Z; :
L !
o L_l_ Z,+ 2,
A
Try it

Y yourself ExamprLe 10.5-2 Voltage Division
i WileyPLUS Using Impedances

FIGURE 10.5-4 The circuit considered in.
Example 10.5-2 represented (a) in the time
domain and () in the frequency domain. . = - -

B Solutlon
‘The input voltage is sinusoid. The output voltage is also sinusoid and has the same frequency as the mput
- voltage The c1rcu1t has reached steady state Consequently, the circuit in Figure 10.5-4a can be represented in th* ‘

- vof the c1rcu1t from Flgure 10.5-4a. The 1rnpedance of the mductor is jooL = j(4)(0.54) = J7 16 Q, as show
Flgme 10 5 4b _
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105 Series and P/arallel Impedances W% /-]

Figure 10.5-1a shows a circuit called “Circuit A”. connected to two series impedances. Using KC
. Figure 10.5-1 shows that

{

Ii=I,=1 (10.3~

Using Ohm’s law in Figure 10.5-1a shows that Ea
’ Vi=Z1,=Z1and V, = 7,1, =Z,1

Using KVL in Figure 10.5-1a shows that \

V=V1+V2=(Z1+Z2)I , (1055“

The impedance of the series combination of Z, and Z, is given by : /

/ Y_z,+12, (

I i

We say that the impédance £y is equivalent to the series combination of Z, and Z, because replacing
Z, and Z, in Figure 10.5-1a) by Zq in Figure 10.5-1b will not change the current or voltage of any
element of Circuit A. Equation 10.5-3 generalizes to the case of n series impedances

Zog=Z\+Zy+-+Z, (105-4)
1 + V‘1 — _I* ‘
LI
Circuit A v z, vV, Circuit A v zZ, {
- lz,l - -
\
(a) ’ © (b)

FIGURE 10.5-1 Series impedances (a) and an equivalent impedance (b).
The volfages across the impedances Z, and Z, in Figure 10.5-1« are given by
Vv VA 1 Z2
= VandV, =Z,1=—"—
7 +2, Z,+2, V2 T+ 2,

S |
These equations show how V, the voltage across the series impedances, is divided between the ‘
individual impedances. They are called the voltage division equations.

Vi=Z,1=2, v (105-5) -

Circuit A : Circuit A A Z,

() _ (b)
FIGURE 19.5-2 Parallel impedances (a) and an equivalent impedance (b).

Figure 10.5-2a shows a circuit called “Circnit A” comnected to two parallel 1mpedances Using
KVL in Figure 10.5-2a shows that

V, =V,=V ' (10.5-6)

Using Ohm’s law in Figure 10.5-2g shows that
| vV, V V, v
I = — == — d I = =
'Yz, z, ™7, 7,
Using KCL in Figure 10.5-1a shows that-
1 l
I=Li+I=(—4+-5—}V 10.5-7
1+1a (Zl + Z2> ( )
The impedance of the parallel combination of Z; and Z, is given by
' v 1

L.l
I Z1+Z2



Try it

= 4000 400 Q

_jsooq 3 j3000 |—> =
eq, O—rt )
(@) (b) (c) C A

_F IGURE 10.5-7 The circuit cbnsidered in Example 10.5-5 () in the time domain, (b) in the freduency domain, and (¢) after
,replaéirig‘ Series impedances by an equivalent impedance.

. 400 + j300 Q2 !

: Solutmn
N Represent the circuit in the frequency domain as shown in Figure 10.5-7b. After replacing series impedances by an
‘ equ1va]ent 1mpeclancc we Have the circuit shown in Figure 10.5-7¢. Zeq is now seen to be the equlvalent unpedance |
Tof the parallel impedances in Figure 10.53-7c. :

L —j500(400 +7300) 150,000 — ;200,000 _ 250,000 /—53.1°
Z = = 599. o[ 26 5°Q
i ,e,qv —]500 + 400 + ]300 400 — /200 4472 /—26.6°

~ . ' ’ i
106 Mesh and Node Equations é/)M - -

We can analyze an ac circuit by writing and solving a set of simultaneous equations. Two methods, the

node equations and the mesh equations, are quite popular. Before writing either the node equations or ‘

mesh equations, we represent the ac circuit in the frequency domain using phasors and impedances. _ !
The node equations are a set of simultaneous equatlons in which the unknowns are the node ‘

voltages. We write the node equations by

1. Expressing the element voltages and carrents (for example the current and voltage of an
impedance) in terms of the node voltages. . ‘

2. Applying KCL at the nodes of the ac circuit.

After writing and solving the nede equations, we can determine all of the voltages and currents of the ac
circuit using Ohm’s and Kirchhoff’s laws. V-V,

__Z




Try it '
' yourself. - -ExAMP )
. WileyPLljS . LE10.6-2 Mesh Equation for AC C11cu1t87 ‘
,Dete_n’rru‘ne_thve mesh currents for the circuit shown in Figure 10.6-7. ﬁ \ 0
100 Q 80 mH

Py —" 809 — = —j 1500(80. 10-3 — 400
-0(2_5_f>< 10") 0 25 % 107 ]1;60 @73 <X 07) Jf*,ﬂ:. A

J500(50 x 107%) = j25Q -

j“T 1 ﬁequency domain representauon of the circuit is shown in Figure 10.6-8. Also, the mesh currents Il, 12 and
are -idefitified in Figure 10.6-8. Next, express the currents in the impedances as shown in Figure 10: 69,
"The voltages across the impedances are labeled as V,, Vy, V., V4, V. and Vo in Figure 10.6-9. Each of these |
-voltages is expressed in terms of the mesh currents by multlplymg an 1mpedance by the currents in that 1mpedance
- For example :
Vb =j4OII,Vd =_}25 (Iz - Il) and Ve = —]80 (I7 - 13)

Having expressed the impedance currents and voltages in terms of the mesh current, we next apply KVL to each of
‘ the meshes to obtain the following equations:

L3

1001, + 401, — j25 (I — 1) — 100(I; —I,) = 0 - ,
200(T —I;) ~ j80(I, — I5) — 45 /0° = 0

" and —j25 (T2 — X1) + (=j160) 13 — (—580) (I; — 13) = 0

-These simultaneous equations can be organized into a single matrix equation:

300465 —200 —j25 7 [, 0
~200  200-j780 ;80 I, | = |45
—j25 j80  —j215| |I, 0

~Solving, for example, uéing MATLAB, gives

I, 0.374 /115°
I | =10575/25°
I 0.171 /28°

In the time domain, the mesh cuirents are
i1{r) =374 cos(500t+ 15°) mA, i5(z) = 575 cos(5007 + 25°) mA

AR i3() = 171 cos(5007 + 28°) mA

I\/\/\I NN N
j40Q

© 1000 o I |
‘2000 - j25 0 : L ey SRR

Y Y ¢

45&V ¥ ] q ?:_‘—‘-j_‘BOFQ. = q : ;-'f‘150"Q,£F Vo FIGURE 106 8 The AC circuit from Figure 10 6~7 il
PRI B T B : repmsented in the frequency domain using phasors and - ¢
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107 Thévenin and Norton Equivalent Circuits

In this section, we will determine the Thévenin and Norton equivalent circuits of an ac circuit.
Figure 10.7-1 illustrates the use of Thévenin and Norton equivalent circuits, In Figure 10.7-14, an
ac circuit is partitioned into two parts—circuit A and circuit B—that are connected at a single pair of 1
terminals. (This is the only connection between circuits A and B. In particular, if the overall circuit
contains a dependent source, then either both parts of that dependent source must be in circuit A or both |
parts must be in circnit B.) In Figure 10.7-15, circuit A is replaced by its Thévenin equivalent circuit,
which consists of a voltage source in series with an impedance. In Figure 10.7-1c, citcuit A is replaced
. by its Norton equivalent circuit, which consists of a current source in parallel with an impedance.
Replacing circuit A by its Thévenin or Norton equivalent circuit does not change the voltage or current
of any element in circuit B. This means that if you looked at a list of the values of the currents and
voltages of all the circuit elements in circuit B, you could not tell whether circuit B was connected to
circuit A or connected to its Thévenin equivalent or connected to its Norton equivalent cireuit.
Finding the Thévenin or Norton equivalent circuit of circuit A involves three parameters: the
" open-circuit voltage V., the short-circuit current I,., and the Thévenin impedance Z,. Figure 10.7-2

o vQEXAMPLE 10.7-1 .Thévenin Equivalent Circuit | o ﬁ

' Find 'the Thévenin equivalent circuit of the ac circuit in Figure shown in Figure 10.7-3. o |
2000 50 puF .

.1 . 3Bcos(1601) V 2.25H | : \

—o0 FIGURE 10.7-3 ‘The circuit considered in Example 10.7-1.

Solution . Ll
~We begin by representing the circuit from Figure 10.7-3 in the frequency domain, using phasors and impedance. -
- The result, shown in Figure 10.7-4, corresponds to circuit A in Figures 10.7-1 and 10.7-2. . . s
: Next, we determine the open-circuit voltage using the circuit shown in Figure 10.7-5a. In Figure 10.‘7-5&,’ an =
; ,:P‘?"?t@d across the terminals of the circuit from Figure 10.7-3. The voltage across fthdt’ opén circiiit ‘
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| 108 Superposition

Suppose we encounter a circuit that is at steady state and all of its inputs are sinusojdal but not all of the
input sinusoid have the same frequency. Such a circuit is not an ac circuit and the currents and voltages
will not be sinusoidal. We can analyze this circuit using the principle of superposition.

The pﬁngwwmn says that the output of a linear circuit due to several inputs wotking
together is equal to the sum of the outputs working separately. The inputs to the circuit are the voltages
of the indep‘indcnt voltage sources a%am the currents of thge};ndepencfl)ent current soufces.

When we set all but one input to_zgro, the other inputs.hecome 0-V voltage sources and Q-A
current.sources. Becanse0® e sources are equiyalentto s shon circuits and 0-A current sources are
equivalent to open circuits, we replace the sources corr espondmg to the other inputs by open or short
circuits. We are left with a’steady-state circuit havmg a single sinusoidal input. Such a circuit is an ac
circuit and we analyze it using phasors and impedances. {

Thus, we use superposition to replace a circuit involving several sinusoidal inputs at different
frequencies by several circuits each having a single sinusoidal input. We analyze each of the several ac
circuits using phasors and impedances to obtain its sinusoidal output. The sum of those several
sinusoidal outputs will be identical to the output of the original circuit. The following example

llustrates this procedure.
ExameLe 10.8-1 Superposition ]

' Detgrﬁﬁnq the voltage v,(f) across the 8-} resistor in the circuit shown in Figure 10.8-1.

2'mF 150 mH

 20c6s(509) V. 20 cos(101) V

-~

FIGURE 10.8-1 The circuit considered in Exampl
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v(t) %Acos(wt+ 6 v

in the general form

WhereAEOand—180°<9§180°. \/\27 i(t):Acos(wt+9) mA
v(#), mV : ' PY “Where A2>0and — 180° < 4 < 180°.
|
45— — P 10.3-2  JExpress the voltage : J
! 40 60 /; v(t) = 5v/2 cos(81) + 2 sin(8¢+ 45°) V |
2|0 T - in the general form Ll
\/ S () =Acos(wt+6) vV i
ASh — — — _ _ W(g Te A >.0 and — 180° < § < 180°.

(P 10.3-3) Determine the polar form of the quantity

(25@6.9") (804—53.1°)
@178 + (6-J8)

00/-16.2°

Determine the polar and rectangular form of the _

20V '
I f RPN : 3vV2 /—45°
: . | ‘ -5 /+81.87°14 -3 4 V2 Q
7—71
L 1 HWZ{—Q 88.162 /30.127° = 76.2520 + j44.2506
| | f L

Figure P 10.2-4 ' H

P 10.2-5 Figure P 10.2-5 shows a sinusoidal voltage (),
plotted as a function of time 1. Represent v(7) by a function of
the form A cos (wr 4-6). '

Answer: v(t) = 18 cos (393t — 27°)

P 10.3-5 Determine the polar and rectangular form of the

Determine the voltage v,(?).

() 0V -
- o essen (s0 /126°) (16 + 12+ 20 415°)
B U/zw | 5/=75°
B Lo @)The circuit shown in Figure 10.3-6 is at .steady state.
-20 \6 S 20 me 40 ms The current source currents are )
P M‘,_“.,,,.. o Y iy(t) = 10 cos(251) mAandi3(f) = 10 cos(25¢ + 135 ) mA

IFigﬁre P 10.2-5

" ]

~ P 10.2-6 Figure P 10.2-6 shows a sinusoidal voltage v(),

plotted as a function of time, . Represent v(#) by a function of i 250Q < v,y(0) i3

the form A cos(wt + 6). ~
20V — T |- 1] T 7 Figure P 10.3-¢
i 6;,0.3\—2>The circuit shown in Figure 10.3-7 is at steady state.
- e L .
e mnguts to this circuit are the current source current
T ,@ iJ(r)=0.12c'os(100t+45°) A
v oV and the voltage source voltage
B va(?) = 24 cos(100¢ — 60°) V
B Determine the current iy (7).
20V L1 Lt | 11
Os 20 ms 40 ms 60 ms

. 0} :
i vy (t) 96 O

Figure P 10.2-6 Figure P 10.3-7

ion10:3) Phasors and Sinusoids P103-8 @ Given that
P 10.3-1 press the current , and i1(r) = 30 cos (4 + 45%) mA
i) =2 cos(6 + 120°) + 2 sin(67 — 60°) mA ‘ i(2) = —40 cos (4) mA

AQQ




