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72 Capacitors
A capacitor is a circuit element that stores energy in an electric field. A capacitor can ‘
be constructed using two parallel conducting plates separated by distance d as shown e 4 ;’l
in Figure 7.2-1. Electric charge is stored on the plates, and a uniform electric field
exists between the conducting plates whenever there is a voltage across the capacitor. \b )
The space between the plates is filled with a dielectric material. Some capacitors use + -
impregnated paper for a dielectric, whereas others use mica sheets, ceramics, metal +q(1) + —q(1)
films, or just air. A property of the dielectric material, called the dieleciric constant, ] * o>
describes the relationship between the electric field strength and the capacitor T o =
voltage. Capacitors are represented by a parameter called the capacitance. The R
capacitance of a capacitor is proportional to the dielectric constant and surface area o * . >
the plates and is inversely proportional to the distance between the plates. In other \\ v
words, the capacitance C of a capacitor is given b}_’ i
()
A4

v(t)
FIGURE 7.2-1 A capacitor

plates® pacitance 15 coulomb per volt and is called farad (F) in honor of
" Michael Faraday. -

A capacitor voltage v(z) deposits a charge 4-¢(¢) on one plate and a charge —¢(z) on'the other plate.
We say that the charge g(#) is stored by the capacitor. The charge stored by a capac1tor is proportional to
the capacxtm voltage v(t). Thus, we wnte

g(r) = Cv(z). (7.2-1)

where the constant of proportionality C is the capacitance of the capacitor.

"a
i

Capac1tance is a measure of the ability of a device to store energy in the form of a separated
‘ charge or an electuc field.

In general, the capacitor voltage v(#) varies as a function of time. Consequently, q(z), the charge
stored by the capacitor, also varies as a function of time. The variation of the capacitor charge with
respect to time implies a capacitor current i(f), given by

We differentiate Eq. 7.2-1 to obtain.

(1.22) -

L . :
Equation 7.2-2 is the current—voltage relationship of a capacitor. The current and voltage in Eq. 7.7-2
adhere to the passive convention. Figure 7.2-2 shows two alternative symbols to represent capacitors in
circuit diagrams. In both Figure 7.2-2a and b, the capacitor current and voltage adhere to the passive
sign convention and are related by Eq. 7.2-2.

Now consider the waveform shown in Figure 7.2-3, in which the voltage changes from a constant -
voltage of zero to another constant voltage of 1 over an increment of tlme At. Using Eq. 7.2-2, we -
obtain
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connected to a voltage source.
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of a capacitor., : of time, Ar.

0 <0
i(1) ¢ 0<r<Dr
) =< —
| Dt
0 t>Dt

- Thus, we obtain a pulse of height equal to C/Ar. As At decreases, the curment will increase.
Clearly, Az cannot decline to zero or we would experience an infinite current. An infinite current is an
impossibility because it would require infinite power. Thus, an instantaneous (Dt = 0) change of
voltage across the capacitor is not possible. In other words, we cannot have a discontinuity in v(z).

The voltage across a éapacitor cannot change instaritaneously. |

e

Now, let us find the voltage v(r) in terms of the current i(f) by mtegratmg both sides of Eq. 7.2-2.
‘We obtain

W(e) '=lc / , i(z)d . (72 -3)

This equation says that the capamg'év(ﬁ-ean-bcfound'by‘m Fating the capa(:1t01 current from
time —oo until time 7. To do so requires that Wwe know the value of the capacitor current from time
T = —oo until time 7 = ¢. Often, we don’t know the value of the current all the way back to 7 = —o0.
Instead, we break the integral up into two parts:

W) = é , 'i)de + - /_ w i) = ¢ / i)t + (1) (7.2-4)

This equation says that the capacitor voltage v(#) can be found by integrating the capacitor current
from some convenient time T = o until time T = ¢, provided that we also know the capacitor voltage
at time 5. Now we are required to know only the capacitor current from time 7 = fp until time 7 = 7.
The time 1, is called the initial time, and the capacitor voltage (o) is called the initial condltlon
Frequently, it is convenient to select to = 0 as the initial time.

Capacitors are commer01a11y available in a variety of types and capacitance values. Capacitor
types are described in terms of the’ dielectric material and the construction technique. Miniature metal
film capacitors are shown in Flg;ne 7.2-4. Miniature hermetically sealed polycarbonate capacitors are
shown in Figure 7.2-5. Capacitance values typlcally range from picofarads (pF) to micr ofarads (uF).




Energy Storage in a Capacitor

A\l

I EXERCISE 7.2-1 Determine the current i(z) for ¢ > 0 for the circuit of Figure E 7.2-1b when Vs(l‘)
‘ B is the voltage shown in Figure E 7.2-1a.

us(V) o .
5 —
i) .
4 -
3+ ‘U icle) 11’R(t)
& L vslt) 1FT 10 .
1 ' '
L
1
: . (b)
l ; ‘ : FIGURE E 7.2-1 (a) The voltage source voltage. (b) The circuit.
3 ‘ Hint: Determine ic(7) and ix(#) separately, then use KCL.
20—-2 2<t<4
Answer: v(t) = ¢ 7T—t 4<1<8
0 otherwise
7.3 Energy Storage in a Capacitor j ' ' \

Consider a capacitor that has been connected to a battery of voltage v. A current flows and a charge is

{ stored on the plates of the capacitor, as shown in Figure 7.3-1. Eventually, the voltage across the
capacitor is a constant, and the current through the capacitor is zero. The capacitor has stored energy by
virtue of the separation of charges between the capacitor plates. These charges have an electrical force
acting on them. :

' The forces acting on the charges stored in a capacitor are said to result from an electnc field. An
electric field is defined as the force acting on a unit positive charge in a specified region. Because the
charges have a force acting on them along a direction x, we recognize that the energy required originally
to separate the charges is now stored by the capacitor in the electric field.

The energy stored in a capacitor is

L dx
wg_(r).’:ff;_.vi e A= C E‘/L’

Remember that v and i aré both functions of time and could be written as v(f) and i(£). Because

dy
—c=Z
i= dt
we have , .
i d v(1) 1 v()
wcz/ VC-—Vd’L':C/ vdv ==Cv
—0 dt v(—oa) 2 ’ )
Switch ‘ (=0
closed R R

FIGURE 7.3-1 A circuit -

(a) where the capacitor is charged
and v, = 10V and (b) the switch
isopened att = 0.
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- The eneigy ‘store(.i by the capacitor at £ = 0* is LT

e b Lt
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Because the capacitor was uncharged at f = —og, set v(=00) =0, Therefore,

w?(t) = %Cvz(r) J (7.3-1)

Therefore, as a capacitor is being charge ging, the energy stored, w, is changing.
Note that we(z) > 0 for all (1), so the element is said to be passive.
Becanse g = Cv, we may rewrite Eq. 7.3-1 as

I, '
We =524 (67 _ (7.3-_2)

The capacitoris a Storage element that stores but does riot dissipate energy. For example, consider a
100-mF capacitor that has a voltage of 100 V across it. The energy stored is

1 1 :
we =30 = 5 (0.1)(100)° = 500 7

across the capacitor is zero. . :
As noted in the previous section, the yequirement of conservation of charge implies that the
voltage on"a CApACITOTr 15 CONTR - Thus, the Voltage and ¢ ¢"0H d CAPACIIOr cannot change
instantaneously. This statement is summatized by the equation _\;)
. ! - m%:.,.m‘w,m,,_.-wm“""-”
al m”“*m.«wﬁ«" T (0t = v(07) :

where the time just prior to 7 = 0 is called # = 0~ and the time immediately after r = 0 is called t=0"%,

The time between t.= 0~ and r = o+ is infinitely small. Nevertheless, the voltag
abruptly. -

e will not change

To illustrate the continuity of voltage for a capacitor, consider the circuit shown in Figure 7.3-1.
For the circuit shown in Figure 7.3-1a, the switch has been closed for a long time and the capacitor

voltage has become v, =10V, Attimer = 0, we open the switch, as shown in Figure 7.3-'1b._ Because
] the, voltage on the capacitor is continuous,

ve(01) = v,(07) = 10V

Try it
¥ yourself-

. ExampLE 7.3-1 Energy Stored by a Capacitor
in WilgyPLUS‘ o

A 10-mF capacitor is charged to 100 V, as shown in the circuit of Figure.
R : 7.3-2. Find the energy stored by the capacitor and the voltage of the
; capacitor at t = 0* after the switch is opened. ' '

CT_". Solution

: L : The voltage of the capacitoris v =100V at f — g—, Because the voltage'at
FIGURE 7.3.2 Circuit of t = 0% cannot change from the voltage at 1 — 07, we have )
Ex?mpk 7.3-1,‘witl? C = 10mE. 1;(0+) . v(07) =100V

: S P
O we =3OV =5 (107) (100" = 503

4
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74 Series and Parallel Capacitors

First, let us consider the parallel connection of N capacitors as shown in
Figure 7.4-1. We wish to determine the equivalent cncu1t for the N
. parallel capacitors as shown in Figure 7.4-2.

) Using KCL, we have

i=i1+i2+i3+"'—|—iN
dv
dt

FIGURE 7.4-1 Paralle] connection of
"N capacitors.

Because in=0Cy

and v appears across each capacitor, we obtain

. dv dv dv dv
! | = C—+C Cn—
' dt at dar”’ ar + d+ N
v
= (Ci+C+Cy+-  +Cy)~— (7.4-1)
FIGURE 74-2 Eqmvalent circuit for N parallel N dt
capacitors. _ c @
(Z ") dt
) 3 ) n=1
///'m vg For the éyuivalent circuit shown in Figure 7.4-2,
- —>+|( ll— +u- —_— dv
Cl C2 C3 I= Cp Z (7'4_2)
v CN P e

“74-+30d 7.4-2, it is clear that
el ‘

Cp=C1+C2+C3++CN=ZCn

) u—l

FIGURE 7.4-3 Series connection of
N capacitors.

&
5%#“"?’&""’””'" Thus, the equivalent capa01tance of a set of N parallel capacitors is
simply the sum of the individual capacitances. It must be noted that all
the parallel capacitors will have the same initial condition v(0).

Now let us determine the equivalent capacitance C, of a set of N
series-connected capacitances, as shown in Figure 7.4-3. The equivalent
circyit for the series of capacitors is shown in Figure 7.4-4.

Using KVL for the loop of Figure 7.4-3, we have

} .
v=v S+ Vet vt Hvy - (7.4-3)

FIGURE 7.4-4 Equivalent circuit for ¥
series capacitors.

&

204

Comparing Eqgs. 7.4-6 and 7.4-7we find thtm——

1
AR DA - (7.4-8)
S, =t M CﬁP§ :
For the case of two series capacitors, Eq. 7.4-8 becomes
-1 1 1
G GG
CiCy
or = 7.4-
. CI+GC ( 9)

AR S T n‘hh‘%‘w

A capac1tor in a dc circuit behqvcs as an open circuit,




75 Inductors

An inductor is a circuit element that stores energy in a magnetic field. An inductor can be constructed by
" winding a coil of wire around a magnetic core as shown in Figure 7.5-1. Inductors are represented by a
parameter called the inductance. The inductance of an inductor depends on its size, materials, and
method of construction. For example, the inductance of the inductor shown in Figure 7.5-1 is given by

WA NNy A
\ L= (N Pé\( .
where N is the number of turns—that is, the number of -times that the wire is wound around the

core—Aj .h%@ﬂmgﬂmwmﬁﬁqmmmtm;%?ngth of the winding in meters;

a ;ﬁé a property of the magnetic core known as the permeability. Yhe unit of inductance is called

bt
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Magnetic Core I‘—— Length / ——>|
\ ’ Area A

h honor of the American >physi ist Joseph Henry.
Tactcal inductors have inductances ranging from 1 uH to 10 H.
Inductors are wound in various forms, as shawn in Figure 7.5-2.

Inductancels a measgfc- of the ablhty of a device to
store‘energy in the form of ‘a magnetic field. :

N turns of wire

In Figure 7.5-1, a current source is used to cause a coil
current i(f). We find that the voltage w(r) across the coil is

proportional to the rate of change of the coil current. That is, T + () -
d | ©

We) = La—rz(t) (7.5-1) _ P
where the constant of proportionality is L, the inductance of the :TOISS:RE 7.5-1 An inductor connected to a current
inductor. '

Integrating both sides of Eq. 7.5-1, we obtain
cit) =— / v(t)dt (7.5-2)
P L -

This equation says that the inductor current i(7) can be found by
integrating the inductor voltage from time —oo until time t. Todo
so requires that we know the value of the inductor voltage from
time © = —oo until time t = #. Often, we don’t know the value of
the voltage all the way back to 7 = —co. Instead, we break the
integral up into two parts:

1 [ 1 . 1 ! Courtesy of Vishay Intertechnology, Inc. -
i(1) = Z/ v(t)de +Z/ v(t)dt = i(to) "‘Z/ v(r)dr FIGURE 7.5-2 Elements with inductances arranged in
T fa fo various forms of coils. '

fem = AN

e
Rl P

‘P_d.wmwumal—"“""‘“’i"“-% sttt J /L/ L ﬁ z
. » Z g .

* The current in an inductance cannot change instantaneously. '



{ Series and Parallel Inductors
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77 Series and Parallel Inductors
A series and parallel connection of inductors can be reduced to an equivalent simple inductor. Consider
a series connection of N inductors as shown in Figure 7.7-1. ‘The voltage across the series connection is
A e L :
T e e
a __i» -""Ll L2 LN
———— Y Y
, FIGURE 7.7-1 Seies of N inductor}. '
v=w+w+---+w
di d di
= Li—+L -+ L
gt N ar
NN g
n=I
Because the equivalent series fnductor L, as shown in Figure 7.7-2, is represented by
di
v=L—
® dt
we require that == .
Z Ly | (7.7-1) S
) FIGURE 7.7-2 Equivalent inductor L,

for N series inductors.
Thus, an equivalent inductor Tor a series of inductors is the sum of the N
inductors.

Now, consider the set of N inductors in parallel, as shown in Figure
7.7-3. The curmrent i is equal to the sum of the currents in the N inductors: -

)
Z—E iy

n=1

_c;
FIGURE 7.7-3° Connection of N p'lrallel
inductors.

However, because

, 1/ .
iy :L—/m v dt + ip(to)

n

we may obtain the expression

= (2%)//1/&&4-2%00) (7.7-2) FIGURE

n=| n n=1

qiiivalent inductor L,

) . for the connection of N parallel inductors.
The equivalent inductor Ly, as shown in Figure 7.7-4, is represented by the : mectt P oot

equation
: L
=— [ vdr+i{t) ‘ (7.7-3)
),

When Egs. 7.7-2 and 7.7-3 are set equal to each other, we have .

(7.7-4)
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Problems
. Table 7.13-2 ‘Pa\ra}llel and Series,C_apa‘citors an_d |nductprs»:~ BRSNS A
SERIES OR EQUIVALENT
PARALLEL CIRCUIT CIRCUIT EQUATION
' i
+ ulry - H
+ oty - \
. 1 1\
— el be=T T
i it ntn
: L ?
/ + olr) - + oty -
oYY Y Y Y Y o—r YV ¥ o Lg=Li+La
i) ! Lz ity

! Cs b Coq=C + C:
o—— 3 ————o o—|f——o0 Caa 1+ G2

i It i) Ce
G
- + v(r)v - 1
o oo Cu=T o
[{y] Ceq . a+a
e R
Table, b.13-1 ‘:Ele"ment Ecjuations for Capacitors and Inductors
CAPACITOR ' INDUCTOR
+ oy - . + ol -
oo e
. C _ : in
. d !
i) = C0(1) 0 =7 [ vewds+ o)
.-‘ L IO
v(r) 1/'i(r)dr+ (t0) ; L4
(1) = — Vi : =L—I
) ) ie) = L5160

s AT,
ARy e e e DT ”
o At B T e T T
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TUTTTO s st vt UL 40 LA HIUWD UIUUREH UIC CApachur,

» C
how long will it take for the capacitor to charge up to 150 pC? = A_“’ cos (a)r + (9 + E))
Answer: i(t) = 3 cos(2t + 120°) A

Answer: t = 3ms P 7.2-3 € The voltage v() across a capacitor and current i(tjin

P 7.2-2 The voltage (¢) across a capacitor and current (/) in that capacitor adhere to the passive convention. Detenmnine the:
that capacitor adhere to the passive convention. Determine the capacitance when the voltage is v(r) = 12 cos(500¢ — 45°) V and
current i(f) when the capacitance is C =0.125F, and the the current is i(t) = 3 cos(500t +45°) mA.

voltage is v(¢) = 12 cos(2t +30°) V.

Answer: C=0.5uF
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In{itial Conditions of Switched Circuits

t

2. The circuit includes one or more switches that open or close at time f,. We denote the time
immediately before the switch opens or closes as #; and the time m]medlately after the switch opens
or closes as to Often, we will assume that 75 = 0.

3. The circuit includes at least one capacitor or inductor.

4. We will assume that the switches in a circuit have been in position for a long time at ¢ = 7, the
'switching time. We will say that such a circuit is at steady state immediately before the time of
switching. A circuit that contains only constant sources and is at steady state is called a dc circuit.
All the element currents and voltages in a dc c1rcu1t are constant functions of time.

We are particularly interested in the current and voltage of energy storage elements after the switch
opens or closes. (Recall from Section 2.9 that open switches act like open circuits and closed switches act
like short circuits.) In Table 7.8-1, we summarize the important characteristics of the behavior of an

_inductor and a capacitor. In particular, notice that neither a capacitor voltage nor an inductor current can

change instantaneously. (Recall from Sections 7.2 and 7.5 that such changes would require infinite power,
something that is not physically possible.) However, instantaneous changes to an inductor voltage or a
capacitor current are quite possible. '

Suppose that a dc circuit contains an inductor. The inductor current, like every other voltage and
current in the dc circuit, will be a constant function of time. The inductor voltage is proportional to the
derivative of the inductor current, v = L(di/dt), so the inductor voltage is zero. Consequently, the
1nduct01 acts like a short circuit.

i’ B

*Ani inductor in a de circhit behaves as a short circuit.

Similarly, the voltage of a capacitor in a dc circuit will be a constant function of time. The capacitor
current is proportional to the derivative of the capacitor voltage i = C (dv/df), so the capacitor current is
zero. Consequently, the capacitor acts like a open circuit,

IMPORTAN T

o it | g it 7 g i ~

"Table 77.‘8‘-'1'_ Charv__.;-)cbteri‘sﬁcisfof Energy Storage Elements

e ST e

- VARIABLE - INDUCTORS CAPACITORS -
Passive sign convention i . ; c
+ v - + v -
Voltage _ . di 1.
: v=_L- v=g5 OldT-I-V(O)_
Current 1/ . dv
| = — 1 =C—
i L./o vdt +i(0) i 7
Power - di N dv
=Li— = Cy=—
=L P="a
T Energy . _ l 2 _ l 9
w—2L1 w—ZCv
. An instantaneous change is not permitted for the  Current S Voltage i
J element’s o /
g 4
Will permit an instantaneous change in the Voltage . Current - i
element’s ‘ &
"' This element acts as a (see note below) Short circuit to a constant current into its ~ Open circuit to a constant voltage across its 1‘,
i terminals terminals I
"i ');
: Note: Assumes that the element is in a circuit with steady-state condition. /
: ' il - - T T~ T .
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